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T

This work is concerned with rational covariance extensionsz
partial seguences. Ceriain methois o the classical interpolation
theory are exploited and a novel topological anproach is develoved,

<

An associated rolynormial, that we call the "digsipation polynomizl",
is found to be a free varameter I'or covariance extensions with
dimension bounded by the number of data. A similar result holds for

“he case 0 matrix secuences as well.

The dissipation nolynomial is found o impose an "almost

-

CHIF parameters of rational covariance

i

recurreace” law on the

e

cequerces. This is dcne via a new approack Lo spectral Tactorization.

These theoretical resulis, placed in the context of the apolied

area oF = eztimation trneory, sugsest fome recurslive nrocesure

Tor pole-zero modeling.



CEAPTER T. INTRODUCTION

The elementary notion of positivity of real nunmbers has founa
various generalizations to that of quadratic forms, operators etc.
These play a key role irn, not only mathematics, but many areas of
applied =cience as well. he reasor is that positivity is, in one
Torr or another, intimately related with the manifestations of

physical cuantities and entities,

The motivation for this work ariszes from the area of stochastic

processes and identification theory. The covariance function

c_ i= Ey1§1+0, s=0, +1, ..., of a discrete-time, zero-mean,
=3 e -

stationary stochastic process Yoot € 7, 1is characterized by the

nonnegative definiteness of the Toeplitz quadratic forms

b
s) ascs—t £’

H~Je
I[~1<

i

for u, v=0, 1, ..., and @ bt £ (C. This is the notion of

positivity which plays a central role in owr work.

4 stochastic process is an abstraction. The real object is a
realization of the process: a time-series. The probabilistic
wehavior ig not available. For identification and prediction,
estimates of the means and covariances of the stochastic process
have to be computed from scme observation record. In this, a large
aurper of iggues are invelved. Most of them are of a eiatistical
nature (confidence limits, etc.). Theoretically, most of these

igsuaes are still terra incognita.

In this work we shall rot be coacerned about such questions but
we sghall assume as the ziven data a pariial seguence of covariances

o= {ct : bt =0, 1, ..., 3}. 7This iz the standing assumpiion for

the theoretical developmert of several modern spectral estimation

techrigues {cf. HAYKIY [1979]). These techniques seek a certain

extenszion of CS to a covariasnce sequence C = {ct r b= 0, 1, sauie



The set of all covariance extensions of C, can be described by
several alternative approaches that we shall recapitulate in Chapter
II. However, thecoretical as well as practical interest lies with a

certain subclass, the rational ones.

A segquence C = {QS : 5=0, 1, ...} is called rational iff there

exists an integer v such that the rank of the beshavior {Hankel) matrices

r =
By = Lct+u—l]t,uzl

satlsfies rank Bs <v for s=1, 2, .... The smallest such v will

he called the dimension of C.

Rationality is directly related to existence of finite dimensional
stochastic realizations of €. The dimension of € 1is then precisely
equal to the minimal dimension for the corresponding state-space
(see Tor example FAURRE, CLERGET and GERMAIN [1978]). Moreover, in

case ¢ ig a raticnal seguence there exists & finite positivity

test.

In the case of uaconsirainel rational extensions of a partial

sequence, called partial realizations, a minimal dimension can be

found by testing linear dependence. I case the minimal dimension
partial realization is not unique, this set is parametrized by a

linear space. These concepts have given rise to the elegant partial
realization theory of XALMAN [1979:. In the case where the extension
ie also required to satisfy toe covariance property the problem becomes

substantially more involved (see KAIMAY [1981]).

The purpose of this dissertation is, in broad terms, to eluacidate
the relaiion between raticnality and positivity. The main goal iz to
unveil some of the issues and the norunigueness ilnvolved in extending
the partizl data Cq to a rational covariance seguence O, paying
special emphasis on the dimension of these extensions. We believe that
we are reasonably successful and that certain of our results can be

profitably considered in the apovlied area »f identification.



ALY}

We now give a brief degeription of the contents of each chapter.
More detailed introductory remarks are provided at the beginning of

each chapter.

Chavpter IT is devoted to a review of certain classical tTechniques
and concepts that are directly related to the covariance extension

problen.

Tn Chapter III we use the algebraic machinery developed 1u Chapter
II, to study rational covariance extensions. It turns out that a
certain polynomial is intimately related with the extension ard can
he chosen arbitrarily. This polynomial, that we call the dissipation
polyncomial, represents the zeros of the power gspectrumn. We found
that the disszipation polynomial determines 1n a precise way the
asymptotic behavior of some important sequence of parameters that is
aszspciated to & covariance seguence. 1In order to obtain this result

we developed a new technique for spectral factorization.

In Chapter IV we cevelon a unew approach that is most sulted for
describing the covariaace extensions of dimension bounded by the
nuwber of data. In point of Tact, in a large number of rcases this
dimension coilacides with the minimal dimension. The merit of this
approach lies alsn with the fact that 1t provides a novel topological
proof of a certain classical result: the positive definiteness of
the guadratic form asszoclated with CS iz sufficient for the
existence of covariance extensions, The key result of this Chapter
further shows that an essential nonunicueness in this partial reallza-
tion problem is best describved in terms of the associated dissipation

rolynomials,

Chapter V exterds some of the earlier develorment to the case
of matrix segquences., TFinally, in Chapter VI we discuss the relevance

and potential of the above 1n moderingz.

The initial motivation and part of this dissertation grew cut of
a joiat work with XFARGONTKAR (CEORGIOU and XHARGONZKAR [19821). The

raterial of Chapters IT and ITI is nased upon this work.



We close this introduction with a few words on notation and
standing assumptions. Throughtout this dissertation, we shall work

with the field of complex numbers C. C[z] will denote the ring

of polynomials in =z with coefficients in C. gnxn[z] will

denote the ring of 1 X n-matrix polynomials in z. " - "

denotes complex conjugation and if p(z) € ¢[z] then 5(2) denotes
complex conjugation on the coefiicients of p(z). We ghall be dealing

with both infinite sequencas C = (e t =0, 1, ..., ¢, © ¢ for

.
t>1 and o € R} and finite sequences CS HE {ct tt =0, 1, ...,
85 Cy = E for t =3, 2, ..., 8 and s = E}. A sequence C is

said to be positive {(resp. nonnegative) iff the Toeplitz matrices

&
Ts ™ [Ct—u]t,uzo’ 820, 1 eens

where we define ¢

definite for all s. A partlial sequence Cs iz said to he positive

5] i= Clt|’ are positive (resp. nonnegative)

LE]

(resp. nonnegative) iff T is positive {resp. nonnegative) definite.
2

Thus, a sequence O is a secuence of covariances of a stochastic

process 1f and only if ¢ 1is nonnegative. Finally this notion of

positivity (resp. nonnegativity) will be denoted by > O (resp. > 0).



CHAPTER II. CERTATIN CLASSICAL APFROACHES

The purpose of this Chapter is to latroduce certain mathematical
concents and technigues that are pertinent to the covariance extension

proolem,

We zhall begin with some algebraic aspects of the theory of
orthogonal polynomials relative to the unic circle. Toeplitz matrices,
of the same type as the ones associated with the covariance function
of" a stationary stochastic process, were classically consldered to
induce anh inner product on the gpace of polynomials. The special
Teeplitz structure can bwe effectively exploited by considering a
particular orthogonal basis. This gave rise to the theory of or-
thogonal polynomials of STEGD [1039]. &ince that time the theory was
progressively developed by many researchers. AKHIEYZER [1965],
GERONTMUS (19547, [19€1! and GREWANDER and SZEGC [1958] have given
clacsical expositions on the subject. It was early recognized that
the theory of orthogonal polynomials had strong connections with a
prediction proktlem in the theory of stochastic processes {see
GRENANDER and 852230 {1958, p. 173 or the survey paper by KAIZATH [197471),
Tmis opened up areas of application of the theory, notably in
stochastic problems, spectral analysis and autoregressive modeling
(see the book by HAYKIW [1979] for variocus applled and theoretical
aspects on these). Motivated by autoregressive modeling for multi-
variate stochastic processes, WHITTLE[1965}, and WIGGINS and ROBINSON
[2965] laid the first pieces of a theory of orthogonal matrix
polynomials, A number of researchers have then pursued this line
of research. We mention only the most recent works of YOULA and
KAJANJIAN {19787, MORF, VIERA and KATIATH [1978| and especially
DELSARTE, 230TH,and KAMPE [19784 that have given a rather elegant
aceount of the theory of orthogonal matrix poilynomials on the unit
cirele.

~

We restrict our attention to the scalar case and In Secilon Z ve
give a concise exposition of those azpects of the fhecry thait we con-

gider to be relevant te the covariance extension nroblem,

W



The theory of orthogonal polynomials is connected to certain
problems in analysis. Various aspects are discussed in AKHIEZER
119657, AKHIEZER and KREIN [1942] and KREIK anc NUDEL'MAN 11977,
In particular there is a connection with a certain interpolation
probler that is eguivalent to the covariance extension problem.
Both solvapility conditions and a parametrization of all solutions
can bpe obtained by the classical SCHUR's algorithm. The machinery
of orthogoral polynomials can be used to provide a compact
description of the solutions in terms of a Llinear fractional
transformation. This is the content of Section 3. We should
finally mention that a similar description of an isomorphic
problen was used by DEWILDE, VIEIRA and KATLATH [1978] and also
DELSARTE, GENIN and XAMF {1979,

1. Orthogonal Polynomials: &n Algebraic Approach.

We consider an infinite sequence £ = {cs 18 =0, 1, ...,

with ¢ in R and ¢ in ¢ for s > 0}, We define on the

e, o

space z of polynomiale in = an inner product by

v s u v
d bwl -
L &,z Yobozy o= 2 ' a,o ¢ .
<t— 7 sTo s t=o sZo +t7s -8
This inner product is definite if and only if C > O. Whenever
¢ >0 (resp, > 0) then the above inner product cdefines a norm

- We

(resp., semi-norm) on C[z} that we shall denote by [
begin by discussing separately the two cases of interest: first

the cagse C > 0, and second the case C >0 but not > O,

We now consider C +to be a positive seguence. The Iinner
product {+, +} is now defirite. We apply the standard orthogoral-
ization procedure to the natural basis fz” : s =0, 1, ...} of
c{z. to obtain an orthogonal (but not necessarily orthonormal)
bvasis of monic polynomials {Os(z) : s =0, 1, +..}. These poly-

nomisls are known as the orthogzonal polyunordals (of the first xind)

associalted to the sequence (, and are given by




¢‘O( z) = 1,
e, €1 eer C_g
(1.1) ey c, cer CLn
@s(z} = det |. . . /det T, S =12, .o,
Cs_l 05—2 L ) C_l
1 Z ‘e z° N

since [o_(2)IF = (2%, ¢ (2)) it ollows that

(1.2) E@S(z)Hg = det Ts/det T =0, 1, ...,

g-1’

where det T-l = 1,

The special inner product structure of C[z] induces upon the set of
crthogonal volynomials certain algebraic identities and an important

parametric description. We shall now discuss these,

Let ?S(z) € C[z] be of degree s. We define the reverse polynomial

From {z, @S(z)} =0 for t=0,1, ..., s -1 ané the Toeplitz
struactire of the inner o»roduct it Follows that
(1.3) {z, ¢ (z)*) =0 for t=1,2, ..., s, andany s > l.

=] o

Since ®S(z) is a monic polynomial of degree & we can write

s-1
¥ =1 « 2.0 1
(l'h) QS(Z) 1 tho bs’tft(zj}
for some scalars bq £ From (1.3) and the abtove we obtain
=2



- : Yool : T 3P
0= (1, 21,(2)) - b, (a,(s), T,(2)).

Hence, o . = (1, z@t(z)}fHQt(z)Jd is independent of 3. This fact
2

gives rise to the parameters

2
rt+l = <l; Z¢t(z)>/H¢t(z)” , bt =20,1,

These parameters are known as the SCEUR parameters oi the sequence

C. From (l.4) we now obtain the (well known) recurrence identities

& (z) = z@s_l(z) - Esis_l(z)*,

{(1.9)

3{z)* = o(2)* - rszc‘rs_l(Z),

for g =1, 2, =+ From the first identity we obtailn

and glso

- . N yile
O = (z"fs ﬂ(z‘)! ::5_1(257\5 - rs|' (‘—\rl*| .

Corxbining the two we obtain

i e 29 i,
(1.6) s (27 = (3 - [r [T 1 (2) ]
T™is shows that the parameters R = {r_: s =1, 2, .,.] satisfy

(1.7) [rS[ <1, s=1, 8, «sv,

Taese conditions (and Co > 0) &re equivalent to € being positive.

Tn fact etarting from the parameter seguence R with lr;| < 1 for

all t, and e, > 0, we may construct a corresponding positive

sequence, TMis correspondence is pijective. Furthermore, partial




positive sequences C_ = {ct it =0, 1, vou, 8, wWith T_ > 0O}
correspond bijectively to pairs (CD, RS) where ¢ > 0 and
R, = {ry : 1,2, ... 5 with ]rt! < 1 for all t). This we

show Lelow,

The sequence of parameters of a positive sequence C are givern by

r, = - CL/CO’
[ C c A )
(1.8) 1 g .
ro=- 500 = (- 1)° det | %o ) e oy l/aet T s
| C o C-s+3"' ¢,

for s =2, 3, «.., and they satisly ]rS[ <l, s5=1,2, -*-

Conversely, starting from the sesueance of parameters that satisly
[rS] <l, s=1,2, ..., &and c_>0 we obtain the corresponding

secuence C by solvirg (1.8) for c_:

S-l 2\ _l .S"l
(1.9) ¢, =cr. I {1 - th' IR CHY cs-l}‘s-z : ,
c
1
for s =1, £, *»-. The azove is valid provided cdet T o £ 0. =3

this follows from |r,| <1 for %=1, 2, ..., and the algeiraic

i

identity
det T 1
:__ =(1- Ir re\ et Tea
det T, , R A S

(which arises frox (1.2) and {1.£)). Hernce, (1.2) and {1.9) estatlich

the regulred bijective correspondence.

We now discuss the singulsr case of nonnegative sequences that are

not positive, Such a secuence iz called singularly nonnegative,




Assume that C # {0, 0, ...} 1is & singularly nonnegative sequernce

and let s be the smallest (positive) integer for which
det T = 0.
g

The partial seqguences z) : t=0, 1, ..., s] and R are defined
=

(o, (
as earlier and (1.1) - (1.&} hold for t =1, ..., s. However, we now

have HGS(Z)FQ = 0 and R satisfies

(1,10} [rt| <1l, t=1, 2, +vv, s - 1, and lrsf = 1,

The interesting feature of this singular case is that any singu-

larly nonnegative seguence C as above, 1s raticnal and uniquely

determined by CS (or, egquivalently, by s and Rs)' Also any

partial sequence Cs with TS >0 and det Ts = 0 £ det Ts-1

admits a uniquely defined singularly nonnegative extension C.

We now prove these facts.

et € be singularly nonnegative and

[=g S-
= + toane
x(z) = = a7 &
be a monic polynomial of least degree that satisfies EX(Z}HE = 0.
Evidently, s 1s the smallest (positive) integer such that det T, = 0.
Turthermore, X(z) = os(z).
Clearly, :ztx(zjﬁc = 0 for all t >0, By the fact that SV
it follows that
O LI B ] O all t
( g cre By 1)
t
is a zero-eigenvector of Tq+t ani therefore
(1.11) C LT =80 L - ... - B Oy for t > 0.

This shows that C 1s a rational sequence and is in fact uniquely

determined from the partial seguence Cs.



We now let Ct be such that Tt.z O with det Tt = 0, We shall

snow that there exists & nonnegative extension ¢ of CS which by the
above discussion 1s unigque.

e partial sequence Ct defines in the obvious wey & semi-norm and

an inner product on the space of polynomials of legree less than or equal

to t. We denote these by ”'”t and ¢, -% respectively, Consider now
s +o be the smallest integer for which det TS =0 and

-1
x(z} = 2%+ alzs T 8 be & monic polynomial of least degree that

- - | " - . . .
saiisfies hx(z)ui = 0, Precisely as we did tefore we now obitain that

c = - .02 - ... = & ¢ for u=20,1, ..., £t = s.
(1.12} 5 1% goutl g u s 4y ;

We now extend {tre pariial secuence C_ to an infinite cne € using
(1,12} for u=t - s + 1, ... We now show that C > O.
For any a(z) in C[z! denote %y a mod X the remainder of
. - u
a(z) divided by x(z). Since {(z, X(2)) =0 forall u>0 it

fO llO).‘S t]:a:

(a{z), a(2)) ={a mod X, a mod X}

=(a mod %, a med X}, > O.

Therefore £ > 0,

The above considerations readily solve the covariznce extension

proclem: Given a partial secuence Cs, there exists & nonnegative

extersion [ of CS if and only if CS.Z 0. In particular, the

bt

fpllowing two cases are possitle:

(a) Hondegenerate case: C_ > C.
In this case the set of all nonnegative extensions of CS

are in bijective correspondence with sequences of parameters

R that are elther finite and of the form R = [rt: t =5 + 1,
! r + N =

vve, 5 +u, with ]-tf <1l for <s +3u and lrs+u| 1)

or infinite satisfying [r | <1 for t = s+ 1, ...,



(o) Degenerate case: C_ >0 but C_ # 0.

In this case there exists & uniguely determined nonnegative

extension C.

We now proceed to consider certalin related mathematical objects,
which will be useful in the next section in showing the connection of the

above with an intersolation problem.

Define the power series

& t
T(z) := e 2t§ c .z .

The fanction theoretic properties of TI{z) will bedescribed in the next
section. Here we view [(z) as an algebraic object. We shall now
recall the notion of partial realizations {see XALMAT 71979!) andi thern
introduce the so-called orthogonal polvnomials of the second kKind of C

by conecidering certain partial realizations of

- & _t
(z ) = CO -+ Ct:l C-t/_ -

|__J|

. . -1 . o
Corzider a formal power series 5(z ~) (ir necative powers of z).
L pair oF coprime monic polynomials (w(z), %(z)} or, ejuivalently, the

rational function w(z)/%{z) is said to be a partial realization of

v(z ") of order & iff
. -1 s~degk Swd e
(2 xlz)s ], = w2y

where [ ]. denotes "the polvnomjal part of'. Boalvalently, the rational
-+

: ) . PR .
function 7w(2)/%(2) is a partial realization of F(z ) oforder s i-

and only if <he laurent series w(z)/¥(z) (witk thedivisicn carried out

-5

in the field of formal Laureut ceriec in negaiive powers of z, matches
cing the coefficient ol 2z .

. : . =, =1, .
We now consider the power series T{z 7) and define a seguence of

poliynomials by



1 T "‘l
‘YS(Z) ::C-; LF(Z )¢S(Z)]+,

where :s(z) is the s-th orthogonal polyvnomial of the seguence C.
The integer s runs over either sll nonnegative integers or, a
finite rumber of them depending on whether C igs positive or nos-
negztive,as we discussed earlier. These polynomials are known as

the orthogonal polynomiales of the second xind of the seguence (¢ and

were introduced by GEROWIMUS [1971, p. 10]. From the definition of
ws(z} we have that COTS(Z}/¢S(3) {though not necessarily a coprime
reprezentation) is a partial realization of f(z-l) of order =. Ipn the
case where  1s singulariy nonnegative and s  is the smallest integer
for which det T = 0, it follows that f(z-l) is actually equal to
CDYS(z)/¢S(z).

We now show that the ortheozonal polynomials of the second king
saticfy the following recurrence identities (which, except for a sign

change are the same as {1.9)):

YE(Z] = z¥ z) + ;Sgs_l(z)*,

A
(L.13)

¥ () = v (z)}> 4 r ¥

< a1 (2),

for s =1, 2, .. {or a finite index sequence in case C 1issingularly

nonnegasive).

We define the transformatiion

f: Clz] - clz]: Az) Féék[g(z)(c + 2

Q

We also delire a seguence ¢ via the relation

oo L o0
fon PN e f'A Y o !
& e i < C e o ¥ - 1
Vo t=1 "-% It = ! 4

and the trarnsformation




z-t)] .

+ 2t;l . +

L]

o} t

f: clz) —~Cz): Alz) rgeia(z) (8
- 0

~ - . .- ; - .

I=is straisncforwars <5 checx that £ = £f iz the identity transiormaiion.
We now modify our earlier notatior by adding a subscript to Toeplitz
inner products {and norms) that specify the defining seguence. Taus we

shall have (-, »*) (-, - a, and if we define T := {1, ¢, 0, ...}

C)
then we shall also write («, «)_.
We denore by g* the adjoint of the transformstion g. Werowiaave
that
l . Y

{-, .)C = {-, §(f + ),

and also
3 7 l?.* -~ 2 l :'.“\ - k

?. e = {e, = o4 eyt = e, ={¥ 4+ Yy = (" LI T
a4 1 S N B s o N d v s L I
Siace Teiia = gria 1ls certainly a semi-norm it Tollows ivtaT T is

- b _

ronnegsetive.
—————————

Since the polynoxials ¥ (z}, s =0, 1, ,.., were definei iy

h

Ys(z) (= qu(z}, s=0,1, ..., they are the orthogonal volynorialis of
; _ o e ~
the first kind of the secuence C, Therefore they satisfy relations of

tae trpe {1.%). Inordertoestatlish the precise form (1.1%) of these

From the definitior of ?S(z) we have

y 1 ,:E "t\,r‘\ . Al
QS(C, = E—[(C — C-t: ) :\Z ]+ - E(?,.




[= =]
-

1 T -t !
E;[(gtél c_2 )¢S(z)_+
ecuals (2/00)(1, @S(z)} - 0. Therefore { 1.1L) holds and hernce {1.13)

follows.

We finally want to indicate another algebraic identity that is
satisfied by the two types of orthogonal polyaomials that we shall
refer to later on:

2

(1.15) e (2)¥ (2)* + ¢ (2% (2)% = 22°n_

where hs is a scalar given by

- S . z 1o ey
{(1.14) by := tzl(L - ]rtfc) == iz {z)4°.

This identity follows from {1.5) and (1.13) using induction on s.

2. Intervelation: Function Theoreiic Aprroach.

Consider the following interpclation problem: We are given twp
regions G and Gw in the complex planes of the variables 2z and
22 s A

i i ith =z in and w in 3
w, and a set of pairs (z&, wa) wi o G, . S,
for all a in a certain index set I. Itis reguired tofirda Jurction
F(z) kelomorpnic ir G, with values in G that satisfies the

L4

interpolatior constrainte

¥(z ) =w_ forall a in 1.

Wnen certain of the points Za coincide, then the interpolation
constraints are moldified so as to assizn at these points

vaiuzec o the successive derivatives of F(z).

This proziemis elascical and a namber of technicues have bear apulied
to it. The bocks by WALSH [1956] and A¥HIEZER (19731 zive comprenenczive

expositions of the classical apcroacnes to the protlem. In recent vears



new functioral thecretic techriques have been applied that alsoc extend
to a more general class of interpolation problems thatl includes
interpolation with matrix-valued functions. These techniques have been

developed in the work of SZ.-NAGY and FOIAS [1970] and SARASON [1967].

In this section we ghall consider a particular case of the problex
which is directly relaied to the covariance extension problem. We
discuss the sp-called SCHUR's algorithm that alsc provides a description
of the solutioneg, and we tie up this aprroach with the material o’ the
previous section,

The following classical theorem states that the notion of positivity
encountered earlier is expressed in terms of a function theoretic

property.

2.1)  THZOREM (see AXHIRZER {19¢5, p. 1781). The power series

s
Mz} := ¢ +2c.2+ ... +2¢c 2 + ...
1 g

converges in [z| <1 and has Re I'(z) > 0 for a1l =z in f{z] <1

if and only if the seguence C = {cs : 8 =0,1, ..., with

c, = (e + ¢)/2} is nonnegalive.

The functlons possessing the above property form the sc-called
class C. (This same property is known in the engineering literature as

positive reslness. See for exarple BELIVITCE (1963, p. 711.)

We shall conzider the folliowing interpolation provlem: Givena partial

sequerce (_ = {ct :t =0, 1, ..., 5] findthe necessaryand sufficiert

conditions for the existence of a function in [ whose power series

expansion in z begins with ¢ + 2clz + ...+ 2oz . Alzo, it is
o s _—1

regquired to desceribe the set of all solutions.

s &nown &as the CARATHZODORY probiem., In viewof Theoren(2.1)

[

This

it iz seen to be eguivaieni o the covarliance extension proolem.
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Jelow we proceed to discuss the so-called SCHUR's algorithm as
applied to the CARATHEODORY problem, This technique provides a para-

metrization of the solutions in terms of funetions in class C.

The main techniecal result needed is the following simple

(2.2} LEMMA. The function Té(z) belongs to ( and has power

)

. a . .
series expansion in z that begins with 1 + 2c§ z if and only if

one of the following two conditions holds:

(a) [cgaHu and

da( z) r-a( z} - ba( z)

- ca(Z)Té(z) + aa(z}

Pb(z) =

isin g where a(2) = (1+ 2)(1- ol

P

0, () 1= (1= D - o™, e () = (1= e e,

and a (2) 5= (1+ 22+ e,

TINDICATION OF THE PROOF. The set of functions S{z) that are
analytic in |z| < 1 and satisfy fS(zD)] <1 for all £ io |z < 1

forms the so-called class 3. There exists a simple relation between

functions of class C and functions of class 3: Tz} is in [ if

and only if

1 {z) - 0
(2'5) S(Z) —EP(Z +m

For functions of class § 1t is easier to show an analogous
statement {see AKHIEZER [1965, p. 1011): A function Sa(z) is in §

if and only if one of the following two conditions hold:
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(a') |Sa (0} | <1 and

g Y - 8
Ua(z‘x ‘“a(o)

1 - SaiOiSa(z)

2
—~—
&)
S
n
]|

ig in C,

(v*) 5, 1s constant of modulus equal to one.

Apoplying now (2.3) to the above statemen® proves the lemra. O

In point of fact this lemma gives a description of all functions
in ¢ in terms of certain parameters: Beginning with a function

™(z) := Plfz) =1+ 2c§l)z + ..., we iterate the formula

d (2T, {z; - b,{z)
Iﬁt_,_l(zj = € (Z)F‘ (,7\ Y ; ( Y
' AR AL A A

{2.4)

for t =1, 2, ..., waile fcgt)[ £ 1., Then, T(z} %bvelonzs tc (

if and only if one of the following twe cases helds:

(=) [cgt)| <1 for all t,
(v) Ic,(t)l <1 for £=1, ..., s = 1 and
(s)

ey

See alsn AXEIRVER [1964%, p. 10%].) The narameters g, := ¢y s

t =1, 2, ... are called SCHJZ paramesers o T(z).

The above lemma readily solves the CARATHEQODORY problem: Civen
. R, ] e as (1)
the partisl ©_ = {1, c,; ..., ¢ | define c, PR Cys t =1, ..., =.

=3 - N

By the lemwa a funetion in C exists having power serles expanzion that

begins with 1 + chl> +oees * QCEl)zS if and only if either
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Icgl)] =1 ang c(l) = (c](_l))t Tor t = 2, seuy S

or

BRIES!

and there exists a {-functior with power series that begins with

(2, 4+ s o2} 3-%

1 201 s~1

where ng), t =1, «e., & = 1 are obtained via the formila

al(Z)(l + acgl)z + ... 4 ECgl)Zs) - bl(z) _

- cl(z)(l + ECEI)Z oaa. 2c§l)zs) + dl(z)

2 2} s-1 S
=1+ 2c§ )z Foae. * 202_12 + 0(z7)

{whereshe iivision iz carried out in she fleld of formal Taurent series

e

b

i positive powers of  z). Ir Shizwey the protlen cas tetransToried o

r

a1 ecuaivalent one with one interpolation constraint less. This

inductive procedire is known asg the ECEIJR's aligorithm. Iterating the

acove we cobtain:

The CARATEEZCODORY problem is solvatle in precisely the following two

CARZes:
Nondeg (1)
(a) Nondegenerate case: |cl l <1 for t =12, ..., s.
In this case the general solution is:crunicuesnd icortzines
from
a (z)r, ., (z) + v (2),
(5.5) r(z) = b= ki

T e (2T, (2) *a.(2)

aroarsitraxs Tunctl

for t =8, 8 ~1, ..., 1 and TS+1
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(1) Degenerate case: [c(t)[ <1 For

u < s, |c§uj| =1 and c&u) = (c

5 =u+ 1. In this rcase the seolutior is unigue anc is

Y otor t -1, ...,
obtained from (2.5) iterating for t=u -1, ..., 1 with

1+ cgu)z
Rl =
v 1-e\Wy
The property that a function I{z) belonzs to ( is described in
terms of the parameters pp i= cgt), t=1, 2, ..., and alsoiazermnsocf
the parameters Ty t =1, 2, +.., that occur in the recurrence rela-
tions of the orthogonal polynomials of a corresponding (by the Theorem

(2.1)) segquence. These two sets of parameters turn out to be

eguivalent. In the rest of the section we shall show this which
gives the precise cornection of the SCHUR's algorithm with the maferial

of the previous section.

We first prove the following

(2.6) LEMMA. Let RV i= {r, : [rS] <l, s=1%t, t+1, ...} bea
¢, 1, ...} denote

sequence of paramefers and {Tg(z), @E(z), g

the agscociated orthogonal polynomials, Define

a52) = ¥(2) + YD), 3Y(2) 1= ¥i(2) - ¥i(2)%,
e i= 2 l(z) - o2, D) = a(z) + o ()%, and
A¥(2) B(2)
1
I (Z) = '2— a
€ Di(2)

The Zollowing algebraic identity kolds




t +<5
PUNES vy (2)
(2-?:‘ <‘£5+'U- = M:(Z) ( ; ) ¥

T o
SE ()

DROCF. We avpply induction on u. For u =0, (2.7)

obviousgliy holds. Assuming that it holds for u = v we odiain

t . b+s : t+s ;
?s+v+1(z) t ?v (z) ) L O\, & Ev (Z)*
= zM (z) +r M(z)* s
s - t+v i\ -1/ s
i () 2 (2) ‘ 25452y
TgHvH+lr T Ty T v T

where applying * on M:(z) simply means to apply * on the entries

of M:(z). But

(6 )@ =G5 7).

We Tinally obiain

t (z} S+ z)\
s+u+l _ N't( Z) 1u+1

\t 4 ' As+t -3
's+u-'*l(z’r 'u+1(4’

-

which completes the proof.

[
[

1 . s
In the case where R ig 8 Tinite seqguence {rS s+ 1, .., v,
with jr_[ <1 for s <v and |rv[ = 1) then (2.,7) still holds

for 1<t <v, O0<sg, 0<u, aud s+ 4t +u<v,

*
Let now Tt(z) be the functions in ¢ with T'7(0) =1 that

correspond through {1.9) and Theorex (2.1) to the parameter secuences
t

B thet we defined in ¢

ne lemrs

. we gha’ll grow the following

(2.8) PRCPOSITION, FProvided [rul <1l for u=1, «.., 5 + 1,

then the following twe identities hold:
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0.9 1t X2 *r% (2) + B(2)¥
2.9 iz} = ’
t
CE(Z‘*T5+°(Z) + DS(Z)*
Dt(z)*Pt(z} - Bt(z)*
- s+t 8 8
(2.10) 1 (2) = — T T s
C {Z)*P (Z) + AS(Z)*
for all t>1, s > 0.
PROOF. We first consider the case where Rl = {rs 1 8 = 1,

2, ee., wWith |rs| <1 for all s} dis an infinite seguence. Ve
shall show that woth sides of (2.9) have the same power series
expansion in z. {Both polynomials and power series are considered

as elements in the field of formal Taureni series in z.)

-1
{z)*) — exists.

t -
We first show that (CS(Z)*PS+t(z) + D

Indeed, the coefficient of the zero-term is

ot

(0) =2 £ C.

< t
=00 + * ]
ORENCIRR:

s
From Lemra (2.6) we have that

ca(D AR /S () + B ()

L4
(2.11) z*u = 2
s+t s+t t
Soral ¥ O (z)xe T(2)x/e T T(2)* + D (2)4

Using the above it is siraightforward teo show that

t * s+u -+ t * t x*
P (9 Rl v (B s,
cHx 2y 3l()x  of (o) ’

for all u > 0. By the definition of the orthogonal polynomials

of the second xind we also have that

%
o}

¥
t
(z) - = = o5
*
®s+u(z)



Mo
\

for 211 u > O, This estatlishes (2.9).

In the case where R iz a finite sequence the atove are
still valid for u < v for some maximal Vv such that r = 1,

s+LAV
But then

£ o Lt .
T(z) =¥ v(z)*,quﬂr(z)*, and

Therafore, by (2.11), it follows tnat (2.9} holds.

The identity (2.10) follows fror (2.9) when solved for
+
r t(z) provided the denominator in the right hand side of (2.10)

is not identieally zero. This we show Delow.

From the definition of the orthogonal polynomials of the

gecond Xind we hawve that

+
i
+
[

(2.12) - ti(2)*T(2) + 2 () = o(® T,

.&‘-‘
=

From the above and (1.15) we obtain

(2.33) ¢TI () + vi(2) =

- s @i()r + M@ ) 1K) + oz

o -1
= h(t)zs + 0(z " s
s
) s 2
where h(tj = (1 - |r ) gy adiing {2.12) and (2.12) we obzair
e u=n t+u
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We finally show

(2.14) FROPOSITION. If TU(z) denotes a function in ¢ with
?(O) =1 iﬂ._r_lil Ft( Z)} 'Ot’
t =12, 2, ... {finite or infiuaite), then Ft(z) = Ft(z) and

Py rt for all t.

T 4o .
r'(z), r, are defined as before for

i

PROCF. We apply induction on +. By defirition

Tl(z) = T(z) = T;(z) and therefore p, = r,. Suppose Ft(z) = Ft(z)
for some t. Then p = r  and hence, at(z) = AE(Z)*’

t t . t
1 . * - 2)* - *
ot(z) ul(z} , ct(z} Cl(z) , and dt(z) Dl(z} , as well, In
case |Dtl = |r,| = 1 then both secuences have terminated and we
are done. IT |ctf = fr.] <1 then from {(2.9) and (2.10) we

+
(2) = 7Nz, o

E

hat
conclude tha Tk+l

(2.15) REMARK. As we mertioned earlier, interpolation ideas have a
strong connectior with circuit theory. For example, the celebrated
DARLINGTON synthesis procecure is the anslog of the SCHUR's
algorithm for solving the genersl Hevanlinna-Picx interpolation
problem. Several of these connectiorns were pointed out and shown
explicitely by DIWIIDE, VIEIRA, and KAITATH [1978]. In point of
fact, in that paver they derived a compact description for tae
solutions of a SCHUR interpolation problem that is similar to {2.9)
(see DIWILDE, VIETRA, and KATLATI {1978, p. 668] and also DELSARTE,
GENTN and KAMP [1979, p. LO]). The various forms of interpolation
can ve interpreted in 2 circuit theoretic framework as synthesls
with cascade conneciion of coipling networks., In the same framework
the linear fractional transformaztion (2.9) is seen to correspond to a
cagcade connection terminated to a resistive network with impedance

?S+l(z} (compare also with BEIEZVITCH [1968, p. 110, (25)1).



CHAPTER TII. RATIONAL COVARIANCE EXTEHNEIONS

In the first section we begin by aprlving the previously derived
interpolation results to the siudy of rational covariance extensions.
Certain bourds for the dimension of the various extensions are

provided vy this algebraic approach.

With anr raticnal C-function or, equivalently with any rational

covariance secuence there 1s associsted a certain polynomial in =z

-+

and z‘l. This polyancomial we call the dissipation polynomial of

the seguence. It represexts the zeros of the power speciruim or,
egquivalently, the zeros of an associated stochastic realizatiorn.

This polynomial is completely determined up to a scalar factor by the
£3il1 of the associated parameier seguence, In point of fact, the
olyaorial ur to a scalar faztor , 1s an imvariant of the

3 S
digegl tion

g
f

iy

1

action of "szifting and truncating” the corresponding parameter

seguence.

This rather interesting result is further exploited in Section L
in gonnection with asyzriotic properiles of rational covariance
sequzences., The most comwplete treatnent ap to date of the asympiotic
and analytic properties of positive seguences and of the associated
orthogonal polynomials has unquestionably been given by GEROWIMUS [10011.
We shail apvly some of his results to the case of rational secuences.
A certalin new aspect that emerged does not seer %o have an danalogie
in the general case. The dissipation polynomial deternines the asymp-
totle tehavior of the parameter seguence., The secusnce of paramelers
of a rationsgl covariance seguence iz not necessarily rational, hcowever
it is irn a certain precise sense very close to being so. We ghall

call this property "almcst rationality”.

Another aspect of this develoomert is a new algorithmice procelure
or This iz & key prozlem in systen thecry

ani several aporoaches teo 1t have Leen Zevelopred. In the dlscre-s-
time scalar case, given a rational functiorn (z)}/x(z), with w(z),

¥(z) in Cc'z], that hag positive real part almosi everywhere on



|z] = 1, it is required to obtain a factorization

-1
=1

(v [

% m(z) | Tz

*(z) XKz

) ) - onz) (=D
)

x(x) X(z~D)

itk n(z) € C[z], for the real part of w(z)/¥(z} on [z| = 1. This

factorization amounts to factoring a nonnegative trigometrice polynomial

a( z, z-l) 1=

o[

iw(z)i(z_l) (T H = R,

7 = eje, as the square of the modulus of a polynomial =n{z).

The existence of such a factorization is well known. The most common
approaches are a Riceati based approach (see FAJRRE, CLERGE, and GERMAIN
[1978]) and an algorithm due to RISSANEN and KATIATH [1972]. For
different aspects of the factorization problem see ANDERSON, HITZ and
LIEM [19741, DELSARTE, GENIN and KAMP [ 19750, FRIEDLANDER [29521, SAEXS
{19761, STRINTZIS [1972], and YOUTA [1961].

In our investigations we found a new technigue. This is irtimately
reilated with the above. However, it operates on both numerator and
denominator of a C-function w(z)/X(z) instead of simply the dissipation

polynomial.,

The key ildea is bhaged on the invariance of the dissivation polynoxzial
a z, z—l) under the action of "shifting and truacating” the corresponding
parameter sequence. nder this operation, certain assoelated rational
C=fanctions tend to 1, wuniformly on compact subsets of sz < 1,
Consequently, both tumerator and deroninator polynomials tend to the same
polyromial, which turns out to be the "stable spectral factor” of

Az, z° 5

-

3. BRational Covariance Ixtensiong aud the Dissipation Polynomial

4 key result in partial realization theory, is that a sejuence

C=f{e,: £t =0, 1, ...V is ratienal if =nd only if the power series

't:



defines a rational Tunetion in z (see GANTMACHER [1959, Chapter V! and
also KALMAY, FALR, and AREIS {1969, Chapter 10]). Moreover, if

n{z) = w{z}/x{z) with w(2), x(z) coprime polynomials in 1z, then

max {deg mw(z), deg %(z))

o)
'—h
H
g
Il

=1 aim I'{z).

Tie previously derived description for the solations of the
CARATHZODIRY oroblem  will now be anplied for the study of the rationgl

ones., Suech a sclution with data a partisl sequence Cq will be called

a pr ({positive rational) - extension of C..

(=)

In the degenerate case where CS is nonnegative but not positive,
there exists (see page 10) a unicue covariance extension which turns out

to be rational., In the noncegernerate case where Cq is positive the

set of all or-extenszions 1s described in the following

(3.1) THEOREM. Zet € be a given paritial positive seguence,

— B
RS = {rt: t =1, ..., =] be the associated partizl paramater seguence,
and M {2) be the corresponding matrix polynormial defined in Lemma (Z.6).

in irreducible rational function cowl(szxl(z), with Wl(z), Xl(z) C

clz; and rl(ﬁ) = Xl(O) =1, is a pr-extension of C_ if and only if

o)
there exists a unicue irreducidvle rational C-funciion ws+1(z)/XcAl(z)
witn Ws+l(z), Xs+l(z) £ g{z] and TS+1(O) = Xs+l(0} = 1, suck that

o (O [T
().r_", = I»;S(Z)“" -
Xl(z) Xs+l(z)
Then, RS+1 ={r ., r .4 ...} 1ig the seguence of parameiters ascocizted
—_— stl’ “s+ =
with = +l(zj/xs+l(z) i¥ and onl 17 R = {rl, cees T T g, -eu} i3S

the secguerce of parameters associased with rj(z)/xl(z}. Moreover, the

followling nolds

R a1 (z) 71( 2) Ts-r : ( 2)
dim 2= £ dim — € dim === + 8.
KS+_ 7 xl Z Xs+lfzj
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Tt is clear that any continuation (r, : [rt] <1, t=s5+1, ...}
for the partial sequence RS leads to a positive extension of Cs' The
positivity is effectively characterized in terms of the associated seguence
of parameters. This is not the case with the rationality., Due to the
nonlinear transformation (2.9) between the c's and the r's +the para-
meter sequence of a rational sequence is almost never a rational one.
However, the interpclation approach shows that the rationality of a
covariance sequence 1s completely determined by the tail of the parameter

geguence,

PROOF. From (2.9) and (2.10) we readily obtain that a solution Pl(z)
to the interpolation problem is rational if and only 1T the C-function
Fs+l(z) associated with the continuation of the parameter seguence is

also rational.

s+1 . . -
et T° ~(z} = Ws+l(z)/xs+l(z). The normalization conditions

ﬂl(O) = Xl(O) = 1 and Hé+l(0) = Xs+l(0) = 1 are compatible due to the
fact that
1+ 1I-r
. 1 s s
M_L(O)* =35 .
1l - ry 1+ r

We now derive the last inequality that provides bound:s on the

dimensions of various pr-extensions. We first define the matrix

polynomial
o(2) - B(2)
v 1
(3.2 N (2) :=3 ;
v NV
NG 2Y(z)

A v v v v
for v=1,2, ..., n=0, 1, ..., with Au(z), Bu(z), Cu(z), Du(z}
Gefired ag in Lemma (2.0). Using (2.15) it can be shown by direct

calculation that
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v W v
W (z)* M (2)% = zuhu ,

whers

X'l viu Z
by, = tEv(l B ’rtl ).

Applying this to our case we have

. Ws+l(z) rl(z;
hgz” = W (z)* .

X () %, (2)

P

a+l

Since the elements of Ni(z)* are pelynomials of degree s, the above

implies that
deg Xs+l(z) < deg Xl(z)
and also

deg Fs+l(z)

PA

deg rl(z).
From (3.2) we aiso have that

deg Xl(z)‘s deg Xs+l(z} + 8

and similarly

deg Wi(z) < deg Hs+l(z) + 8.

These prove the last inequality in (3.1). O

T

—function  w(z) /% z).

We now consider an irreducitle rational

~

The real part of w(z)/%(z) is nonregative for all z on |z| = 1 where

it is defined, Therefore,



LM
[

1%’ + r(e?)x(e?%) > 0

for all 6 in { - —, =), Foilowing the terminology of an unpuslished

report by XATMAY we shall call
Az, 21 1= 2 (DX + FTH(2)

the dissipation polvnomial of w{z}/¥X(z). Bv slight aduse of terminolozy

15 ot . . . -1
we shall alsc call a dissipation polynomial any polynordal »{z, z )

in both 2z and z'l, whick for =z = expj5 and all 6§ in [-w, T} i=s
nonnegative, Finally, let us define the degree of d(;,z'l} as the
larzest power of =.

The role of the dissipation polynomial in the coentext ol stochastic
processes will be discussed in Rermark (Z.8). Herein, we shall see ihat
the disgipation polynomials associated to the various pr-realizations
of Cs are up to a scalar factor determined completely by the choice of
the {-function FS+1(Z) = (z)/x_ .{z) of the previocus theorem,

~ g+l s+1
Let T{z) = corl(z)fxl(z) be a rational (-function and
Rl = {rg : s =2, ...] denote the associated parameter segience. Iet
also Rt = {rs 18 =3, t+ 1, ...} derote the usual "shifted ani
truncated" parameter sequence and Wf(z)/xt(z], a.(z, z-l) the associa<ed
rational C-Turction and dissipation polynomial. We now present the

following

(3.4)  THEORFM. 1In the degenerate case where
l L}
37 = {rs ts=1, 2, «.., u, with |rS] <1 for 1% 82
and |r_ | =1}
]

we hgve that

1

dt(z, z )y =0 for t=1, 2, ...u.

In the nondegenerate case where
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'._.I

R o={r :s=1,2, ..., with |rsf <1l for all s}

we have that

1 t

a(z, 27 =nd, (z 270, for t=1,2, ...
. . . T4{ 2)
Tae behavior of the dimension of as 1 increases is
X-b'\_z

deserived in

(3.5) PROPOSITION, In the degenerate case where u ig as in Theorem

{3.4) we have that

In the nondegenerate case we have that the following two cases are

possitle

el ()

A —
{a) S :;:ITET = dim ()

()

)
"_h
=]

>
£
+ 13
]_I
&
I}
pat]
[...J
=]
>

o

1
'_l

Furtbermore, case {a}) is equivalent to each of the Tollowing ftwo

conditiors:

(a") dim ;‘(ET = deg (7+(Z} + Xt(z))-

We wlll now prove (3.4) and (5.9).



PROOF OF (%.4). 1In the degenerate case we have

+

T'rt( Z) = Yu-t+l( Z) *,

and
t
= *.
X(2) = 0 ()
From (1.15) we obtain d,(z z-l) = ht Since |r. | = 1 it follows
T S A u-t+1” 1

that

b u 2
R R L LA

In the nondegenerate case we cobtain from (1.15) that

1

4,0z, 27 = 3 (DX + T (2)

M2

3 BT+ PR e (9% (7D -

T (2 0% 5 (2]
% =1
= hldt+l(z’ z Y. O
PROO™ CF (3.5). 1In the degenerate cage,
X (2) =3’ . (2)%
t u-t+1 ?
and
% .
(2 =¥5 (),
for =1, 2 . u, Also ]mt (O)‘: Pvt (0)] = lr | =1
A ? Tu-t+l Tu-t+1 u

is different from zero. Thereiore,



deg xt(z) = deg Wt(z) —u-t+1

Tn the nondesenerate case, using (2.4) we obtain
1 { “ Lzs T
Ten(D = 2 - () ¢ a(rln) + X (D 2y,

and

(D) = 3 0G(2) - m(2) + 20 (D) + T/ - 2.

This shows that botk deg W;+1(z) and deg X are less

g1(2)
than or squal to max {deg Wt(z), deg X,(z))}. Moreover, this difference
%

can be at most one. Therefore {a) and (b) are the only two possibilities.

In the case where max [deg Xt(z), deg wt(z)} =
deg (Wt(z) + Xt(z)) then clearly deg Wt+l(z) = deg Xt+l(z) =
deg (Wt(z) + Xt(z)) = dir Wt(z)/x*(z). In the case where the above does

not hold then both deg W£+T(z) and deg X are lesg than

£41(2)
dinm Wt(z)/xt(z). This establishes the eguivalence of (a) and (a").

Consider now the identity

l -l - "l\ - -:I—
7 (. (2) Vt(z ) o+ Wt(z yx. (23] = 3.(z z7)
g) & o ={s) _-s

= dg )z + ... F dg ) + oeae T+ di )z s

. 5 s
wnere we assume that dE ) = C. It is easy to see thas
L

deg (Wt(z) + Xt(z)) = deg 4
of {&') and (a"). O

t(z, z ). Tnis estadlishes the equivalence

Irn view of the above, the dissipation pelynomial of the various
pr-extensions of C_ can be arcitrarily chosen by appropriate cholce
of the C=function rg+l(z)/xs+l(z). The set o all rational
C-functions which have disgipation polynomial fiixed up to a scalar

factor, is described in the following

(3.6) PROSOSITION. Let d(z, z 0) e an arbitrary dissipation poly-

nomial of degree s. Then for any polynomial a{z) such that a{z)
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3 -1 , . . . .
and z"d(z, z °) are coprime polynomigsls there exists a unique rational

C-function T(z) = w(z)/%(z) with ©T(0) =1 and such that

nol

(3.7)  alz, 27D = = (DX + 7z z))
and
m(z) - x{z) = za(z).

Conversely, for any rational {-function T{z) having T{0) = 1

2 s . . -1 . .
and dissipation polynomial d{z, z ~) there exists a corresponding

polynomial. a{z) as above,

|
PROOF. Let a(z) be any polynomial such that z°d(z, z°) and a(z)

are coprime, Then

1 -1 = =1
E(i( z, z ) +a(z)alz ™)
is a dissipation polynomial which is zero on |z] = 1. Therefore, this
polynomial factors into a product b(z)g(z-l) where b(z) is coprime

with a(z) and nas no root in |z| < 1.

a(z)/b(z). Clearly we have that

Consider the function §(z) :

1 dlz, z )

1 - {3(= e =
[8(z2) | (5]

Oy

I

iy

for z = expj® and & in [- w, wl. Since {z) has no root in
Iz] <1 it Zollows fror the maximur modulus principle that S{z) is

in S. Therelore by {(2.3)

~

~z) - b{z) - zalz)

b{z) + za{z}

is in S. 1t can be readily checked that T{z)} has dissipatiocn
_1)

Conversely, for any T(z) = w(z)/X(z) in ¢ where T(C) = 1

polynomial d{z, =

and (3.7) hold a(z) = (w(z) - %(2))/2z is the recuired polynomial.

This 1s shown by reversing the previous srgument. O
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The algebraic approach we followed in thils section gives only rough
bounds on the dimension of the variousg vr-extensions of C.. For
exarple, given any dissipatioz polynomial of a certain degree u vwe
can always Tind a corresponding {-function of the same degree. Thern,
by Theorem {3.1) we can obtain a pr-extension with dimensions between

1 anc &8 + U.

In the next chapter, a different approach will be followed, It will
be showr that, with an appropriate choice of the externsion, we can
always achieve dimension ejual to s. Furtherrere, it will be shown
that for a large number of cases, s 1s the smallest possivle dimension

of any pr-extension,

(3.8) REMARE. The role of the 2issipation polynomial in the context
of stochasvic realization will be now discussedi., At the same time,

that will be used in the next seciion will now be

15

certain gquantitie
introduced.
Consider a covariance gequence C = {cc 12 =0,1, ...}, The
ronuezativity of T eor, ecuivalently, the covariance property is a
necessary and sufficient concition Jor the existence of a neondecreasing

function ¢lg}, with &6 in [-m, 7. such that
T .
1 =jta
L= = e “do( 2 t =0, +1, +2, ...
Co 2_1..J- ():“ s T L T2y
-

(see AYHIZZER [19%6%, p. 180]). This function is called spectral

distribution (of C, or of a corresponding stochasiic process). The

derivative c'(8) of o(8) exists almost everywhere in [- m, 7

and is called svectrsl density.

Tne C-function T(z) associated to C as in Theorem (2.1) aimits

the Tollowing intesral representation (see AKHIEZZR [1943, ». 179)):

-

-\-j‘:'l
- 1 e + 7 N
R O Y s a2
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Jur interest rests in the case where C 1= also a rational sequence.

In this case o{(?) consists of two parts:
(3.10) o(B) = oa(s) + aj(s),

where Ua(e) is an absolutely continuous nondecreasing function and
cj(e) is a nondecreacing function with finitely many points where the
function incregses. ¥urthermore, the derivative Ué(@) is a rational
function in e9%, FPor more details see DOOB (1953, p. s542] and

GRENANTER andé SZEGO [1938, ». 5],

Tne decomrosition (Z.10) induces via (2.9) the representation

7 (z) m.(z)
. N ) R D
P T = ey T TR

.~

where Wé(z)fxa(z) is a C-function with the property that Xa(zo) = 0
for all =z in |z] <1 and rﬁ(z)/xj(z) is of the form

7.{z aeg K =o{ 33 ) + :
npy WD i
~ . / _u___

Py exﬁ(ﬁ?u) -z

where p, Bare positive scalars,

- -1 -1 .. -1 . e .
Let d(z, z 7), da(z, = ) and nj(z, z ~) dencte the dissipation
volynomials of the above three functions (in the obvious notation).

- . . . . . -1, _ . . -
From (#.,12) it immediately follows that aj(z, z ) = 0. Relatior {32.11)

now implies that

1

—l N -l
da(b, z )Xj(Zij(z Y.

A stochastic realization of € is a dynamical system I that und

1t

b

certain sifochastic inmut and initial s=tates generases an output nrocezs
. ti:at realizes C via the covariance furciion. Any stochastic
process y_  can be decomposed inte a superposition of two uncorrelated

gtochastic processes
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where ya,r iz the so-called purely nondeterministic part and yj,T
the deterministic part. (This is called the Wold decomposition. For
more informztion see GRENANDER and SZEGC [1958, Ch. 10] or furciional
analysis literature where it has beern widely used, e.g., HELSON

(1965, p. 101)]
In the case where ( 1is a rational sequence then the above
decomposition is in correspondence with (2.10). The part yj . CAan
E
be realized by superposition of simusoidal signals with freguencies
determived from the roots of Xj(z) whereas Vg . c&n be realized by
> L

a single input system having white noise input and transfer function

qa(z)/xa(z) where

(3.14) a.(z 27 = (a7 (2.

The relations (3.13) and (3.14) indicate the role of the dissipation

polynomial in this context.

Returning to the covarilance extension problem it is natural to
congider factorizations of the foram (3.13) for the dissipation poly-
nomials of both vl(z}/xl(z) and rs+1(z)fxs+l(z) in Theorem (3.1).
Whenever btoth parts in (3,10) are present it is not necessarily true
that (in the obvious notation) Xl,j(z) = Xs+l,j(z)’ Due to this fact
it appears that formula (3.2) in Theorem (3.1} is gimply a computational

toocl and does not seem to have a stochastic interpretation.

4. Asymptotic Properties of the Spectral Zeros

We begin by discussing a procedure for spectral factorization. This
result will be subsecuently used to elucidate the role of the dissipation

polynomrial on the asymototic behavior of the sequence of parameters.

Let Tl(z) = WT(Z)/Xl(Z) be a rational ¢{-function with rl(o) =1

1 N .
and 3 = {rg: s=1, 2, ...] the associated parameter sequence. We

denote by XE° the usual truncated sequences, Wt(z)/Xt(z) the



. . -1 s . .
associated C-functions and qt(z, z 7} the dissipation polynomials,
where +t =1, 2, .... We shall consider only the nondegenerate case

where d.(z, znl) # 0. 1In this case by a well known factorization

1 (
theorem (see GRENANDER and 3ZEGO [1958, p. 20]) there exists a polynomial

ql(z), with nl(O) = 1, and a positive scalar 7, such that

(5.2)  ay(z 27D = 7yny (25,27,

If we require that nl(zo) = 0 for all z, in |z| <1 and also

1.{0) = 1, +then boeth 7y, and n.,(z) are uniguely determined. This
1 1 1

polynomial nl(z) we call the stable spectral factor of dl(z, z_l).

We similarly define 7, nt(z). From Theorem (3.4) we clearly have

that

nl(z) = nt(z), for t =1, 2, ...,
and also
t 2
= 1 -
71 = (= e )y
We now set
Wt(z) =1+ agh)z +oaa. + agbjzs,
and
_ (t) (t) s
Xt(z) =1+ bl A bs Z .
Clearly,
+ 3
(h.2)  r, - al® LB

and by (2.4)

(h3) (2 = Y2l(r(2) - % ()2 + (r(e) + % () /(1 + z),
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() Xq(2) = 1/2000(2) - 7 (2)/2 + (7 () + () V(L - z),

for ¢t =1, 2, veu. Iterating the above we obialn the segaence of pairs
(r(2), %.(2), =1, 2, ...
The following theorem states that (4.2), (4.3}, and (h.k) provide an

algorithmic procedure to obltain n(z).

(4.5) THEOREM. Let R, T (2), X (2), and n(z) be as above, Then

inw, () = Iim X (2) = 1{z).
PROOF., First we need to recall certain function thearetic resultsa:

Let T(z) be a (-function, and for simplicity assume T{O) = 1,

Let U;(@) be the associated spectral density function that is given by
C‘é‘(e) = Re F(e'je)

g.e. on [- T, T7].

(4.6)  STATEMENT. The following are equivalent:

(a) fng' {(8) is intezravie in [- 7, wi,
a
(b) there exists a function m(z) in i {the usual Hardy

space; see RUDIN [1956, p. 3281) such that

51(5) = In(e?%) |7
() a.e. on [- 7, 7],

(),

¥or a proof of the above statement see CIRONIMIS [19€1, pages 20 and 159).

In cage the above equivalent conditions hold we may Tind a

functior m(z) that also has inverse that is analytic in |z] < 1.



Ten mfz) 1is

Furthermore,

m(z} = aXpD 11— f e__._u fno'(g)de s |Z| < 1
S Lfr) - =
- -
and also
2
7 := [m(0) |
(5.7) =exp - == | inc'(5)d5
-1
2
= t:—;l(l - |rt[ )
(See GIRONIMUS [1961, pages 20, 21, and 158].)
o, 1= det TS-l/dEt T,s=21,2 ..., and a_:=1, then

e (Z)_y_ = Z (Z.:l-.‘:', g = O’ l, e

if

-1 . . - .
converges to m(z) as & — o, This convergence ig gatisfying the

following ineguality (CERCHIMIS [19€l, Theorem 4.107%):

TE
(.73 ics(z}*m(z) -2} < 7%U5
for Jz] <1 and vhere

S ~

— =
bs = (t?s |rt| ) ‘
(¥ote that =, < +» because of (L.6).)

In case T{z) = —{z)/%(z) is a ra<ional

o-funstion

e Lo
WLl

dissipation polynomial d{z, z-l) = 0, the EnU;(S} {s integrable and

in fact

1/z

o(z) = 77 Fa(z) ),
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where n(z), ¥ satisfy (4.1) and n(z) 1is the stable spectral factor
-1
).

we row apply (4.0) to tre C-functions Wi(z)fx+(z) for

of dfz, z

t=1, 2, ..., &ani for 5 =20:

'mt(z) - 1f =

|
=
[
e
ro
=2
d
M
N‘-._/
1
=

< y,B {ftisftf 1 }
A R S VA B
1/2

e 2N .
whera & < ( 2 - » 21X >0 & o
ere Pg g = umsFte1 Ty ) 1nee 7, e T
it foliows that limyt = 1 and %}g B = 0, Conseguently,

1/2
7 P2 (2 - 1] 0
as © —e«, uniformly on compact subsets of |z' < 1. Hence,
tim X(z) = n(z)
Similarly we can show that %Em T (z) = n{z). O
U

Jsing the sbove we now want to study the asympiotic pehavior of
tre zequence of parareters of raticnal covariance seguences. We bagln

Ly a moilvating

{(4.10) EXAMPLE. Consider the rational function

.

.
e P

-1

PR P

Ll +{x+ )z
1+ (-1

o

of degree one. lecessary and sufficieni conditions for  w{z)/%(2)

to be in T 1is that

i
2

l)



ana

o] <1 - r

-

The seguence o parameters {provided |r| # 1) 1is determined b

(5.11)

Teaz _ Tes1 1
r r z
+ .
g+1 s | s+l]
we obtain
IE
() ro.. T, 1- |rl:
-l = — —
Terl Tz f%}(L - !r_|c
u:.’_ T

Bv considering the Zsctorization of the dissination polyncmisl of

T(2)/%(z) we have

af z, z-l) =z o+ (1 - 2 |© + 2F) -+ Gzt
= yn(2)7(z")
2 = -1
= y(pz + {1 + [B|7) + Bz

where n{z) = 1 + Bz is the siable spectral factor of iz, z



Therefore, @ = yB. Also by the result of GERCNIMUS {1961, Theorem 2.2
o 2
I LN

Corbining the above two facts with (4.10) and using (4.13) we obtain

e
r o, r (1= |r %)
lim ste _ _E 1 - 2. B
Sep rS+l ryy ¥
Eguivalently,
r_ .~ - Br_..
(hoah) Mmoo 2 = - o,
- s+1

This shows that as & —» the sequence of parameiers satisfies more
accurately a linear recurrence law. BSince in general r_, s =1, 2, ...,
might take also zero values we consider the equivalent statement:

Tor 2811 e > 0 there exists an so guch that for all s = So

|z - Brs+lf < e max f|r B

g§+2 s+l[’
This motivates the following

(k.15) DEFINITION. A seguence R = fr_: s=1, 2, ...} is said %o

be almost rational iff there exists a polynomial p(z) = 1 + Bz + ...

i

0 N , . )
+ Z suck that for all > 0 1there exists an intezer = with
v = o

the property that for all s > g
Prog - "0

T + r + oaee T r IS
[ a+u Bl stu-1 Bu s! = "s=tEctu

for all & > SD.

A polynomial ofz) with the above properties is said to e an almost

recurrence polynomial for R,

(4.16) THEOREM. Let C be a rationzl positive seguence, R be the

associated parameter secuence and n(z) be the stable speciral Tactor
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of the associated dissipation polynomial. Then R is almost rational

and mn(z) 1is an almost recurrence polynomial for R.

PROOF. Dencte by Wﬁ(z)/Xt(Z) the rational C-function associated
with the usual truncated parameter seguences Rt, and let these

functions have power series expansions

. - t . t . .
The relation between [¢ s =1, 2, ...} and R~ is given by the
3 2 x v

following fermulas

1 £’

(v} _ 2, (v) (&)

2 T R R

(t) sl 2

s+l T Tg+s ugo(l - |rt+u] )+

0
(t) (eyy  LE) =2 7
* (cl e Cs )(Ts-l) N
()
Let
u

n(z) =1 + B2 F eee TRLZ,

anc
3 *+ Y 1

A R PN (O

t 1 1
By the previous theorem Jlip Xt(z) = 3{s). Therefore

(t) (%)
+ 2 . e ) . -k

(re2B) oy * BTppq * MR R L e TR M



=
]

for all s > so(e) and £ > 0. The polynomial Xt(z) satisfies

) L () ()
1 u

(t) (%) _
el + bu cl = O,

From the above and (4.17} we now have

(4.19) |r + b(t)r +oaa. bﬁt)r

A -]
£413 1 Ttu-1 ENE

tl — +2s=t+u = t

P . e (1) L omlE)
where £, 1is & polynomial function in T, ., b7, (det Ts-l) ,
for s =1, ..., u, that when viewed as a function of the rs‘s has
has zero constant term. We shall now show that
(L,20} lim f = O

T—3® T

In the case of rational positive sequences ﬂDU;(G) is
integrable and therefore by the result of GERONIMIS [1961, Theorem 8.2]

the parameter sequence R is squarely summable, Hence
] r
4.21 im r =20

( ) %—}W t

Tn view of (k.16) it follows thas

1im C(t) = 0,
T 5
5 Tixed
(Hote Shat lim c(t) ig not necegsarily zero.) Then

s ,bifixed S

] o) = (t) _
(4 _22) fim det T ') =1

for all s. Also by Theorem {(4.15%)

)

T 3 (
(25 dign e

for s =1, ve., u. From (4,21), (L.22), and (L.23) we concluce (L.20).
Finally (4.18), (%.19) and (L.2C) imply that for all ¢ > O there



exists an sD(e) so that
T I B - WL

for all t > SD(e). o

(4,21} REMARK., 1In the applied literaiture on time-series analysis it
has been noted (see for example BOX and JENKINS [1970, p. 179]) that
the asymototic behavior of the partial autocorrelation coefficients of
rational power spectra, that are precisely the 3CHUR parameters of our
setting, is "dominated by damwed expeouentials”. However, no precise

statement of this seems to have been proven. Moreover, in case the

almost recurrence polynomial has roots on |z| = 1, the above state-
ment is not absolutely correct. For example take TY(z) = 1 - =z,

Then the sequence of parameters is given by
) ¥

- 1}t

The asymptoiic benavior of this secuence is not dominated by exponentials.



CHAPTER IV. & TOPOLOCICAL APPRUACH

In this chapter we develop an alternative approach to the study of
pr-extensions of C_. We focus our attention to pr-extensiocns of

dimension less thar or egual to 8. Our key result will be an

implicit descripticn of this szet.

In Secticn 5 we show that for a neonempty open subset of the
data-set of partial pesitive sequences CS there exist no
pr-extensions of dimension strictly less than s. This resuli justifies

cur interest in pr-exteasions of dimension s.

After a brief exposition in Section & of some basic facts about
the topological degree, we derive in Section 7 our key result: For

almost any dissipation polynomial of degree less than or equal to s

there exists a corresvonding bpr-extension of CS of dimension

at most s. We should note that according to the results of the

previous chapter this dimension could be as large as 2s.

This result further provides a novel proof of the classically
known fact that the positivity of CS is a sufficient condition for
the existence of soluitions to the CARATHEODORY problem.

Algo, most important, this topological anproach provideg an
implicit description of & nonuniqueness inherent in this partial

realization problem.

5. Covariance Extensions of Dimension s.

The following well known provosition gives conditiocns “or a

rational function to belong to (.

5.1) PROZOSTITION. An irreducible rational function c 7fz (X z
0 / ?
-I

with 7(z), (%) in C[z] and cDH(O)fX(O) =c €R, is in ¢ if

and only if

(2)  alz, 2 = 2 DY ¢ A D)

is a disegipation polyromial, and
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L {m(z) + x(2}} has no root in |zf < 1.

(b) 3

We let ¢ = {c, : £t =0, 1, ..., 8} be a positive seguence and
= o -
we congider a rational funciion cow(z)/x(z) with power series

expansion in =z that begins with
i t
+ -
e, Et:l Lz

A raticnal function with this property will be called a partial

realization of C_. f"hus, a partial realization c_r(z)/X(z) of

¢, 1s a preextension of C_ if and only if {&) and (b) of
Froposition (5.1) hold.

If cdw(z)/x(z) is a partial realization of C_ and m(z), X(z)
have degree less than or equal to s then w(z), X(z) and
b(z) := {m(z) + %(z)}/2 are related via the following nonsirgular

linear transformations
(5.2) cow(z) =[{c_+Zciz + ... + ECSZS}X(Z)ji,

and

= -
[(cO +eZ o 4oz Yx(z)

(5.2) e b(2) N

2
OJ

. g . .
where [ ]O denotes truncating the powers of =z outside [0, s].
We want to consider when Cs adrits opr-extensions of dimension

strictly less than s. This is given in the following

{5.4) TLTEMMA. There exists a pr-extension of ¢, of dimension

strictly less than s if and only if there exisis a polynomial b{z)

of degree less than or equal to s  guch trat for the polvnomials

x(z) and w(z) ocbtained through (5.2) and (5.3) the following nold
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1

() Az, 2 = R @) = T

is a dissipation polynomial,

;
(b')  b(z) = 5 {m(z) + %(z)} has no root in |z| <1, and

(e’ w(=z), X{z) have a nontrivial common factor.

The essential point is that (b') is a closed condition as

compared with (b) in Proposition (5.1).

PROCF. Suppose blz), m(z) and x(z) satisfy the conditions

of the lemma and let FO(Z), Xo(z} be coprime polynomials suchk that

(z)  Tolz)
x(z)  %(z)

»

Then deg w (z) and deg Xo(z) are less than s. Also
-1 = .= T =, -1 - R .

do(z, z ) = {Wo(z)xo(z ) o+ FO(Z )Xo(z)}/E is a dissipation

polynomial and Wo(z) + Xo(z) has 1o zero in |z2| < 1. Ia order for

vo(z)/xo(z) to be a pr-extension of € we only need to show that

7 (z) + X _(z) has no root on |z} = 1.

z )+ (z) = f Wl lz. | = 1.
Suppose WD( D) + xo(zo) O for some =z with |z | =1

Ther

© o,

[”b(zo) + XO(ZO)[Q = do(zo, Z;l) - Ivb(zoj|2 i ’Xo@b)

=]
Since d (z , z ) >0 it follows that w {(z } = x {z ) = 0, which
o' 7o To /= o o oo

contradicts the hypothesis thst Wo(z) and Xo(z) were coprime. |
Therefore w_(z) + Xo(z) has no root in |z| < 1 and WO(Z)KXO(ZJ

iz a opr-extension of Cq with dimension strictly less than 3.

=3

The converse is Lrivial. i

Consider now ¥ 10 be the set of nonnegative seguences

Cy = {ct : 1 =0, 1, ..., 8} that for simplicity we assure ¢, = 1.




The interior YO of ¥ 1is the set of posgitive sequences Cs'

We shall show that

(5.5) PROPOSITIOR. The zet of partial nonnegative sequences CS

that admit no pr-extension of dimension strietly legs than s is

an open subset of Y.

Clearly, this would also imply

(5.6} PROPOSITION. The set of vartial positive seguences C

that admnif ne pr-extension of dimension strictly less than s is an
- o]
open subset of Y .

PROOF of Froposition {5.5). Denote by X the space of poly-
nomials b(z) of degree less than or equal to s with B(0) = 1.
The subset of X where (b') of Lemma (5.4) holds can be shown to be
compact, Since Y is alsc a compact space it follows that the

subset of pairs

(o(2), C) €X x ¥

where {a') to (¢') of Lemma {S.4) hold is also compact. The vrojection
onto Y being & continuous map, implies that the subset of nonnegative
sequences C_ (which by Lemms (5.L) adnitsa pr-extension of dimension
strictly less than s) is compact. The complement of this set is

therefore open.

The fact that this set 1is nonempty follows by considering the
partial sequence C_ = {1, O, ..., O, 1/2]. Clearly, ¢, is
positive and meoreover there is not even partial realization of CS
of dimension less than s. Hence, there is no pr-extension of ¢

23

with dimension less than s either. |

Given Cs’ whether thars exists a pr-exteasion of dimension
strictly less than s 1s a decidable guestion. It can be arswered
by applying the decision methods developed by TARSKT [1951° ang
SEIDENSBERG [195L] (see also JACOESON [ 1974, Chapter vV 1) to the
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conditions of Lemma (5.4). However, these are very involved ard a
simpler criterion is lacking. 1In fact, in the Appendix we shall
indicate the set of conditions that needs to be tested for the first

noatrivial case,

But, the set of pr-extensziocns of dimension lass than or equal to
§ 1s known to be always nonempty. We focus our study on this set.
We shall use concepts of homotopy and degree theory for this. 3o
we now make a orief digression and introduce the essentials of

degree theory.

f. Basic Degree Theory.

The "degree" of this section refers to a notion of topological
degree soon to be defined. The object of study of degree theory is
the soluftion set of an equation 4 = f{b) where f is a mapping
betwean two topological spaces. The main question concerns the

existence and the number of solutions for a given d.

Let 5 De an open subset of some topological space X, f a
continuous map from S into a topological space DT, and 4 be a
point in D, The aim of degree theory is to define an integer valued
function dez(f, $, d), called the degree of £ at 4 relative %o

5, with the properties that

{(a) Geg (f, 8, d) 1is an estimate of the nurber of solutions

of d=f{b) in &g,

(L) deg (., ., .} be continuous in the arguments, and
A

(c) deg (., ., ) be additive in the domain &, i.e.,

whenever slf“152 = ¢ then deg (¥, levJsg, q) =

= deg (f, 8.5 d) + deg (£, 8., 4).

Z

A3 usual, when S5 is a subset of topological space X we denote

by 8, 39, and 3° the closure, the boundary, and the interior of
S respectively. The exposiiion below is following NAGUMO {2951,
SCHWARZ [ 1963, Ch. ITI;, and LLOYD 1978, ch. T] where we refer for

additional information and defailed proorfs.
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Let X and W Uboth dercte the Zucllidean space Rj with the

usual topology. (The reason for this redundant notation will become
clear below.) The set & is agsumed to be open and bounded

subset of X. The maps that we conslider are continuously
differentiable in an open subset containing S. The set of such

mappings is denoted by Cl(E) and topologized by the norm

ord

| | P = b t
1562 1595k

Given f € Cl(é), Zf(g) denotes the set of points & in W such
that there exigts a point b in f-l(d) where the Jacobian J.(b)

iz zero.

Suppose now that f € Cl(§) and d €W but a¢ f(BS)LJJZf(ﬁj.

The degree o7 f at ¢ reiative to 5 1is defined by

deg (£, S, 4} := z sign J.{(t).
(bef-1(a)Mg3 g

The definition is extended to pointe d_ that belong to zf(é}, but
do not velong to f£(38), by letting

deg (f, S, d_) = deg (£, 5, d)

. ] a - .
for any d ¢ f(éS)L_/Zf(b) azd 4 "sufficiertly close" to d_-

The fact that this iz well-defined and the precige meaning of the
terr "sulficiently close" are described by the following

{(6.1) THEDREM. et f be as above and d., d. belong to the same

1’ 2
component of W \ f{08). Suppese also that neither of tnem belongs

to 7.(8). Ther




£ L TTCH. Lews FoIvas) . N P2 s Ty ) U 1mpileés
(£.2)  DPROPDSITION. Let d £ £(d3). e dex (f, &, 4} £ 0 implies
that d £ £(3).

A notion that is crucial for the development of the next section
hat of homotopy: A Cl-homotopy tetween two elemeats fD and

l,= ; .
C(8) is a function

+! 1 e

1 14
- .

gsuch that if Hy denotes the map b ~ H(b, x), then Hy = £
o 1,z ) _ o

H, = £y H ¢ (8) for all x in [D, 1] and also

ﬁH - H)Ll -0 as x —-y. This lasi conii<tion savs thet 9 is a
T T

continucus function in the parameter x.

The following is a very powerful result that we shall use in the

next section.

M 3
ol T T T o o 5 L. L s ~ T 3 FEp—
(6.2)  THEIREM. Zet £, f, bein ¢ (8), and H be a C -homoiooy
vetween f  and f.. If 4¢ H(dS, x) for all x in [0, 17 <rex
ZELWRES A, 2 4 2 - 2o _ s

deg (fo, g, d} = deg {f,, 8, d).

+ Digsivation Polvnornials and Tovariance Syiensions of Dimernsign g,

Tn thiz secticn we prove the followinc key result.

(7.1)  THZOREM. Let ¢ = {c, : t =0, 1, ..., s} be a partial

L
— s t

positive sequence and

Az, z ) 1=d =20 + ...+ 3z 1l+d T+ ., ¢ dz

be a dissipation polynomial (of dezree < s). Thern there exists a pair

of polyromials (m(z), X{(z})} with dez ~(z), degz %(z) less thanu or

egual to s, and a positive scalar k  suck that the followirrs <wo

1

porditions kol




(a) coﬁ(z)/xfz) is & pr-extension of C,

(b)  kalz, 2 ) = (D% + 7z D))

AV] B

We now elaborate on the implications of the above theorem with

two immediate corollaries.

{(7.2) CORCLLARY. Consider a partial positive seguence Cs' There

exists always a pr-extension ol CS with dimenzion at most egqual to s,

In this way we have circumvented the need for the algebraic
machinery of orthogonal polynomials or of interpolation theory in
order fto establish that the positivity of C5 is 8 suficient
condition for the existence of golutions to the CARATHEODORY
problem. This is essentially a problem in analysis and an aporoach
lixe ours seems to be absent. Furthermore, with this new approach
we obtain some addlitional information about the set of pr-extensions

cf dimension =s.

(7.3) COROLLARY. Consider the partial positive sequence

t =21, ..., s

_l}

C.o=tde, £ =0, 1, ..., 8} where not all of ¢

8 4 t?
are zero, Tnen, for almost any dissipation polymomial d&(z, z

of degree less than or equal to s there exists an associated

pr-extension of Cs with precisely dimernsion =.
We now proceed to the

PROCF of Theorem (7.1). We again denote by X the space o°

polynomials with coustant term 1 and with degree less than or ecual

to s,
Any b(z) € X defines through (5.2) and (4.3) a unicue pair
of polynomials (w(z), X{(z)) £ ¥° such that cow(z)/x(z} i1z a partial

realization of CS, l1.e., has power series expansion that bezins witn

2
c 4 Zc.2 + ... + Zc oz,
o} 1 5



The corresponderce b(z) - (7(z), x{z})}) is certainly
bijective, whereas the correspondence b(z) —w(z)/x(z) is

clearly not.

To any vair (w(z}, %x{(z)) as above we associate the
-1

polynomial in 2z and =z

a{ z, z-l) : ... -1

I
—
=
~
i}
p—
21
P
~

The constant term d equals

Gy = FIK(2T(2) 15 R(2TN32 + SRR 20 x(2) 20
S (e 2™+ L e 2*)x(2)1°
- (=) ',

where || i|c denotes the norm that C induces on the space of

L= i

polynomial of degree less tharn or equal to s (see page 15).
Since X(0) = 1 and C, >0 then

1 :2
dD = .Il'X(Z) liS ?é 0

Let W be the space of "aymmetric" polyaomials

g . - =1 - =5
Y =dzo o+ ... + qlz + 1+ 4,7 + i

d{z, =z 17 cee b dqz

with constant term equal to 1. wWith d(e, z-l)
the map
oLt X =W (1 + b

12t e ¥ bszs) b

e

It
[N
s
+
+
jul
|
-+
o
+
ful
N
+
+
jw i
03

as avove we caefine
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[

Botk X and W are Euclidean spaces of the same dimension, and

D0 g iz continuously differentiable in X.

We now consider two open subisets 2 C X and P C W, where

5 is the subset of polynomials b(z) that satisfy

b(zo) = 0 implies Jzo| > 1,

-1
and P 1s the subset that consists of all d(z, z ™) € W that

satisfy

d(z , z_l) >0 forall z  on [z | = 1.
~ %o’ Yo /= o o

Therefore S is the set of ("stable") polynomials b{z) such that
b(z ) = O implies |zoi > 1,

and P 1is the set of dlssipation polynomials with constant ternm

equal to the identity.

The statement of the Theorem ecan be easily seen toc be equivalent

to: for any d € P there existe a b € § such that

d = e {v).
g

ol

S5 2k

Therelore we need to show that $C~(

Since the roots of a volynomial depend continuously on the
coefficients (see MARDEN [1966 ) it follows that & is onen. Also
because the roote of every b(z) in § 1ie in Jz| > 1 it follows

that & 1is bounded. We shall first show that

(7.4} 9, (8) 2.

L=l

For the particular secuence ¢~ = {1, O, ..., O} the map

0 takes the simple form




X . .8 =, =1 2
:pcg : b(z) =1+ b,z toie. F b 2z - b{z}b(z )/tgo {bt| .

It is straishtforward to show that
(7.5) deg (veo, S, d) =1 forany 4 in P.

-1
):l:

and gsince mcg(as) = 02 we use Theoren {6.1) to establish (7.%).

In fact the computations can easily be done for d(z, =z

The set of positive partial sequences is connected (this is
ovvious especlally when we consider tne SCHUR parametrization;
see page 11)}. Therefore we can “ollow a path within the set of
positive sequences from CS to any other vositive sequence
CS. In this way we construct & contirucus homotopy H(b, %) between
wcg and $CS.

We now show that

{(7.6) = (38) MiP = ¢ for any c. >0,
=

w2

Suppose b(z) € 8. Then b(zo) = 0 for some 2z  with ’ZOJ =1,

o
Therefore, if d(z, z ©) = mcsb(z)€ P, tken ]b(zo)f2 = 0 implies

u(zo, 2 Yy = 0.

Consequently, dfz, z_l) € dP and (7.6) is wroven,
If H{b, %) iz a homotopy as above, then
H(3s, x) (P £ 4,

Por a1l x in [0, 1]. 3y Theorem (6.3) we conclude that

for any C_ >0 and any 4 irn F. Hence, by Froposition (6.2) it

fpllows that
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qz*CS(S) oFP

!

for all hs > 0. 3y the compactness of 5 we also have that
P (8) >F. O
5

We want to close this chapter with the following

(7.7) COWJECTURE. The correspondence between digsipation

polynomials d{z, z_l) and pairs of polyncmials ({(mw(z), %x(z))
with 7(0) = %{(0} = 1, in Theorem (7.1} 1s bijective.

The conjecture is certainly true for the trivial sequence
CS = {1, O, ..., 0}). We were algc atle by direct computation of the
Jacovian to show that it holds in a neighborhood of 4(z, z—l) = 1.
But a proof is still lacking. We should mention that the map

mcs iz not analytic, therefore

deg (CPCS; 3, d) = 1

for all ¢ in P does not imply that the cardinality of @Ei(d}fﬁWS

is one.



APTER V. THE MATRIX CASE

8, The Matrix Covariance Extension Problen

Given an n-variate, zero-mean, stationary stochastic process

Yo» TE Z we denote by

Cy =R Y L 8 =0 L e,
the covariance n x n-ratrix-function of Yo In this chapter we shall

uge "~"  to denote the "complex conjuzate transpose of M.

el

The covariance sequence C = {cs : 8 =0, 1, ...} iz characterized
by the nonnegative definiteness of the block Toeplitz matrices

T Z[C N '—_O) :l., * e vy

8 t-u't,u=o’

where now e 5] = Eft]' (See for example GIHMANN and SKORCHOD
7]
!

[1974, p. l9é;.)

Thus, we define a matrixz-sequence

11

C=f{c_:s

=]

0, 1, ..., with Co Hermitian]

to be positive (resp. nonnegative) iff the associated block Toeplitz
matrices T, are positive (resp. nonnegative) definite for all s.
We similarly define the partial matrix sequence

C,=1{e : t=0,1, ..., 2} to be positive (resp. nonnegative) if?

T is a positive (resp. nonnegative) definite matrix.

This notion of matricial positivity is again related to an

analytic property of the matrix-valued power seriaes

™z) := ¢+ ESglcSz .

(8.1) THEOREYM (see KOVALISHINA and POTAPOV [19827), The power series

I{z) converges in |z| < 1, and

{z) + ?{;ﬁ

09




£0

is a nonnegative definite matrix for all z in lz| <1 if and only

if the sequence

C=fle :s5=0,1, ..., with ¢, = (c + ®)/2)

is nonnegative.

Matrix-valued Tunctions that satiefy the above conditions will

again be said bo belong to class C.

The following is now the matrix CARATHECDCORY problem: Civen a

partial secuence CS, find necessary and sufficient conditions for
the exisience of a maitrix-valued (C-function with power series that

begin with

The matrix CARATHEODORY problem seems to have been considered only
recently by TL'MUSKIN [1974], and XOVALISHINA [197L]., See also AROV
and KREIN [1981]1, DELSARTE, GENIN and KAMP [1979} and XKOVALISHINA and
POTAPOV [1982]. As an interpolation problem it can also be aporoached
through the functional analytic techniques of £7.-NAZY and FOIAS
[197C]. B8ee e.g., BELTOY [1980].

In the next two sections we will consider the subelass of raticnal

solutions and carry out some of the prograr followed in the scalar case.

The matrix seguence ¢ 1ig said to be rational iff there exists an
integer v such thal for all s > v the block-behavior {(Hanzel)
matrices

a

B = [c 1=
5 [ t+u-1-%,u=1
have the szamg rank. This intezer v will asain be called the dirmersion
of C.

The rationality of € is equivalent to T(z) defining a rational
function in =z. 1In this case T{z) can be represented as a matrix

- . -1 .
fraction 2(z2)4{z) T (right; or &(z) "P(z) {(left). l



e
it}

Suppose tat C is rational and that P(Z)Q(Z)—l is a right
matrix fractional representation of T(2) where P(z} and Q{z)
are right coprime polynomial matrices, 1i.e. there exist A(z),
3(z2) € gnxn[z] such that A(2)P(z) + 3{(2)4(2) = I. Then it can
Le Show;-that the dimension of C is ecual to ithe maximum ol the
degrees of 2(z) ani 3{z). (In this chapter, "I" will denote

the n x n identity matrix.)

In Secition 9 we present a generalization of our topolegical
approach for the matrix CARATEODORY problem, We shall! draw similar
conclusions as in the scalar case: {a) the positivity of the partial
sequence C_  is sufficient for the existence ol solutions, and (t) for
alrost any masrix-dissipation poiynomial of degree less than or equal 1o ¢
there exists a correspondiazgraticnal solution of dimension less than or ecual

T2 Sa

=

n Section 10 we shall give a brief account of the basic results
that come out of the alzetraic approach and SCHUR's algorithm when

arplied to this matrix-inserpsalation proolem.

9. The Topological A roa‘“

vWe begin bty estavlishing the matrix version of Proposition (5.1).

{9.1) PROPCEITION. A raiional funciion © Z)Q(z}-l with 5z},
o i jaegol . -1 L . ‘s .
P{z) in g [z] ard F{3)6(0} Hermitian positive definite,
ig in o and only if

zet 1@z ) Mz} =0 implies jz | > 1,

0 = o'
and
-1 i~ =1 ~,
D{z, z 7) =5 {olx )2(2) + 2 :Q(Z)}
“

has nonnegative deZinite wvalues Zor all =z such that |z' = 1,

F

-1
lar case we call T(z, z ~) the dissipation (matrix-

. B a elickt abuse ot ocur terxinology we




shall also call any matrix polynomial in =z and 21 satisfying

the above property a dissipation polynomial,

PROOF. An 1 x n matrix-function S{z) is said to ve in

class § iff it iz analytic in z| <1 and
e
- &(z)s(z) >0

for all z in |z] < 1. These functions are considered in operator
theory (see SZ.-NAGY and FOTIA3 [19701) where they are called
"eontractive™ and in circuit theory (see BELEVITCH [1968]) where
they are called "bounded”. The relation between (-functions

Mz) with T(0) Hermitian positive definite, and Z-functions

S(z) is given by (see for example [DELSARTE, GENIN, and KAMP

(1979, p. 391)

él-(r\(o) - () (0(0) + 2N,

I

(9.2)  3(z)

and

(9.3)  T(2) = (I - z8(2))(I + 25(2))"(0).

P(z)Q(z)-l. Without loss of generality we

So we let IYz)

can assume that T©{0) = T. Then we obtain
o 10 - - . ~1
s(z) = 5 (a(z) - P(2))(5(2) + =(2)) .

g(z) is ian § 1if and only if
det (Q(zo) + F(zo)) = 0 dimplies |z | > 1
and
—~—

T - 5(z)s(z) >0,

for all =z in Iz] < 1. By the maximum modulus principle it i=

sufTicient to test this on the boundary of the rezion of analybicity:
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I s(2)3(27 = 28zh + B2 (e, 27 (alz) + ()T 20

cor all z on Jz| = 1. Clearly this holds i and only if

t
positive n x n-matrix sequence and

(9.h4) THEOREM. Let C_ = fe. + £t =0, 1, ..., 8} be any partial

. 8 ] v =l i~
1= dsz LR L I+dz"+ ... +dz ",

1
) 1 s

(3.5) Dz, z~

be an n X n-matrix dissipation polynomial. Then there exists a

pair (P(z), @lz)) € (E?xn[z )2 with deg P(z), deg o(z) less

than or equal %¢ s, and a positive definite matrix K such that

the foliowing two conditions hold

(a) P(Z)Q(z)"l is a pr-extension of C_,

@ Ko, e HEYE 2 2 @) ¢ A )

i)
{(With ( )l/C we denote the "Hermitean square root of".)

This theoremr estavlishes that when the partial sequence C_ 1s
positive, the matrix CARATEEODORY problem is solvable. Our technique
does 1ot seem to be possible to extend to the singular case when
C. is only noanegative. However, it provides information about the
solutions of dimension s, precisely as 1t dic in the scalar case:

For a generic set of dissipation polynomials ol degree less than or

egual to s, we can assoclate pr-extensions of C. of precisely

=3

dimension g. Tor the complement of thiz set we can associate

pr-extensions of dimensicon less than s.

The idea of our proo’ is similar to the one we gave Tor the scalar
case. Howaver, certain new features require the use of a more
sophisticated technigue. The main new aspect is that, 1n contrast to

the sealar case, matrix polynomials with no determinental zercs in
2



o

[z] < 1 and with constant term the identity matrix, do not forn

a bounded subset ol the space of the coefficienus. For example,

the polynerial

S R GS

has nonvanishing determinant for all fz[ < 1 and all values of

a as well. We circumvent this by considering our stability set
on & certain compact maniiold.

- -1 . _ - n<n

FROOF. Tlet 2(z)q(z) ~, with F(z)g(z) in C77[z]

partial realization of CS of dimension less than or equal to s.

s be a

Then 2(z) and 3{(z) are relatei by

(9.6)  #(2) = [(c_ *+2ciz + ..o+ ecszs)@_(z);z.

Clearly, 2(0) is nonsingular. We now define the polynomial ®(z) by

(9.2)  D(z, z-l) = gszq toeen T D7 T I ng-l Foee. + Esz-s
1~ - ~ 1
= %1“(2 YE(z) + Bz Talz}

- -1 _ s =, . . o )
in =z and z . =y Proposition (9.1), P{z)glz) is in { if and
only if det 2(z) has no roots in |z| <1 and I{z, z ) is
nonnegative definite Tor all =z on Iz] = 1. We notice <hat the

z}) is defined up o & rizht unimodulsr factor,

£oa e

pair (iz), 7

£ -
\\4_
Therefore, so iz 3(z). Horeover, dei 2(0) # O.

Thus, we consider the gpace X of polynoriials
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w41

I]_'K!'l[

L]

z1])

=B+ t ...+ B2 e
{B(z) ot By B2 B(z)
of degree legs than or equal to s, In this space we consider the

subset M defined by

(9.19)

Bo >0, and BO upper triangular.

M is & smooth compact manifold of real dimension Esng. That M 1is
a smooth manifold follows from the open conditionr det BO = 0,
Compactness follows from the fact that by the first condition any eutry

0f B,, =0, «a., 5 has modulus less than or equal to 1. (It is

.tJ
also easy to show that M iz orientable, but we will not need this

fact here.)
The correspondence between B{z) in M and partial realiza-
tions P(Z}Q(z)_l of C_ with dimension less than or equal to s

iz clearly surfecuive. IT

2

Qz) = Q, + QB oeee G2,

-]
then the polynomial D(z, z ~) obtained by (9.8) satisfies

T w o i e b C c e ¢ o
0 (qb 9 "s) 5 1 c 5
c o vee €
1 o] a-1 T .
o o .- C -
g gal o 'S

Since det Qo = O and CS > @, it follows that Eo > 0. Therefore

the following map is well-defined

CPC M — W
s

B( z) peggl/eg(z, z



. -1 .
where W 1is the space of the polynomials D{z, z ~) as in (9.4},
i.e., such that D(z, z-l) - ﬁ(z-l, z}  and with constant term equal

to the identity matrix,

Consider the suomanifold S of M of polynomials with
determinant noavarishing in  Jz) < 1, and the submanifold F of W
-1 . .o
of polynomials D(z, z ~) that have nonnegative definite values for

all z on J|z! = 1. To complete the proof of the theorem we need +o

shiow that for 211 £ > 0 we have that

Precigely as in the scalar case 1t can be shown that

= (32) Mp = @,

Also the set of positive partial matrix sequences CS 1s pathwise
connected. By using the homotony invariance property of the degree

the proof that was given for the secalzr case works in this case also.

More precizely CC iz cerzainly a continuous map beltween manifolds.
=
(=, 1is only contimuious bpecause we reguiire tazing the Hermitian sauare
g "

root.) Now MILNOR [196%] defines the degree for ( -mappings between
manifolds. However, as remarked oy LLOYD [3972, pn. 2] the definition
immediately extends to the continucus case simply by taking cl
approximations., (An explicit arsument can ve Found in SCHWARTZ T19E%,
Chapter V] and LLCYD {1975, Chapzter I).) Finallr, we note that as
vefore the degree deg (ﬁcs, S, D) can be seen to be 1 by consiiering
the point

Tz, 2=°) = T

ard tne ftrivial =seguence

C = {I, O’ LR ] O}o

or
3]

The preoof now proceeds precisely ar in the secalar case, O



10, The Algebraic Approach

The deseription ¢of all solutions to the matrix CARATHEODORY
procler can ve found ir AROV and ¥R=ZIN T159217 and KOVALISHIKA and
PCTAZCY [19Z22]}. It is given in *he so-called "completely nondegen-
grate case", when CS is a positive sequence., In the general case
when Cs is nonnegative buf not osositive there exists no closed
forn expression for the solutions. However, some standari ftechrigiaes
in orerator theory can oe used tc deal with this case ([ef.

S7.-NAGY and FOIAS 71970, p. 1380).

In this section, having presented our topological approach, we
wish to zive a brief account of the basic results and ideas of the
algebraic approach, which essentizlly relies again on Schur's
algoritom., We shall apply this to the case of rational (-funciions.

£

We begin by describing the 3CEJR's algorithm for the case of
matrix C-functions. The main technical fact is given in the

following

(10.1) <TEMMA, Let Ft(zﬁ be a matrix-valied function which nas a
vowar series expansion around the srizin that beging with I + Zr,z,

t

where I - r,r, > 0.  Then ?t(z) is in C if and only if there
exisis a (C-function Ft+1(z) such that

(10.2) 1,(2) = la ()T, (2) + b (2)lie (T, (2) + (2},
where
a_(z) = (T - rt;t)-l/g( -r) + 2T - ;trL)—lKQ(Z - 1),
o (2) = (1 - 2 F)THRL -2 - 2(r - B )R 4 5,
e () = (12 FOTAT ) - Fa) TR R,
2,02) = (1 - rt?t‘,“-'fccx SER IR ¢ g ;trt)-l/?(l LT,
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PROOF. The SCETR's recurrence relation for the matrix case

is given by {see for example DELSARTE, GHENIN, and KAMP [1979, (36)!)

6, (2) = (1- T YR (F vag (N (T ar s, () T x B)YE

Asswning that I - rtrt > 0, then St(z) is in & if and only if
St+l(z) is in §. Applying the bilinear transformation (9.2) we

potain the corresponding recurrence relations for the class
C-functions. O

Formala {10.2) can be solved for f£+l(z)

provides an induetive procedure for solving the CARATHEODORY

in terms of Ff(z) and

problem in the completely nondegenerate case.

Tn the completely unondegenerate case a matrix-version of (2

can also be obtained {see for example AROV and KREIY [19811).

Here we shall appnly the lemmz to rational (-functions

P (Z)Qt(z)-l and consider the behavior of the dimension and the

™

igsipation polynromial uncer the acticn of r ing he se
d t 1 1 the action of "truncating” the seguence

of SCHUR parameters ry cor, eqiivalently, as t 1increases. We

now have the following

(10.3) MEOREM. Let I (z} and be in ¢ and related

-
e (2)
ac in Lemma (10.1}. Then T,{z) is rational if and only if Pt+l(z)
iz rational. 1In this case, *“here exist right coprime representations
H = = -l a ™ = 7 \ T3

lt(Z) - P (L)Q (Z) ""'nd -!t+l<z) - *t_;_l(z t :I_(Z) T"\‘lth Pt(Z)J

q.(2), t+l(z)’ A.,(2) in C™P[z] such that

P, (2) a () b (2)\ /7 ,(2)
(10.5) -

_Qt(z) ct(z) dt(z} Qt+l(z)

ral b=

Alsp, if Dt(z, z‘l)(resp. D*+l(z, z-l)) denotes the associated

diszipation polynomial




-1 -1

(10.9) Dt(z, z ) = Dt+1(z, z ).

Moreover, the following are ejuivalent

(&) dim Ft(z} = dim rtil(z),
{a')  dim T (z) = deg D (z —l)
A t A ’

1l

(8% dim Ty(2) = deg (1,(2) + g,(2)).

Tor the proof we need the Jollowins

(10.6) LEMMA. The following identity holds

3L T\ u(2)
A
i _ = T.

-1 ~ . =1
ct(z ) at(z Y/ \e(z) a(z)
PRODF, 3 direct computation. =
We now proceed to the

PROOF oFf Thecrem (10,3), Suppose Ft+1(z) ig a rational

. X - - -1 - 3
1 A TN -~ .~ - - o~ -] _ -
{-function and is equal to ‘t+l(“j“t+l(z) , where ‘t+1(a,,
;_+l(z} are right coprime matrix polynomials, Define Pt(z), ¢ (z)
[

via {10.4). It can be checked that ct(z)Pt+l(z) + dt(z)Qt+l(z)
iz invertivle as a power series In z. By Lemma (10.1) it follows
bt T - - -1 3 haTd . =

that 1t(z} = 5t(z}qt(z) . Furthermore, it holds that :t(z),

Qt(z} are right coprime.
ndeed, since P ot Z are right coprime ther xist
I , si t+l( ), Qt+l( ) right cop e exis
polynomial matrices A(z) and 3(z) such that

A(z??£+l(z) + B(Z)Qt*l(z} = 7. Hence, from Iemra (10.4) and (10.4)

we obtain that there exist polyromial matrices A {z} and BE.(z)
—_— £

such that
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A (2P (2) + 3 (2)a(ez) = 2 1.

2ut both det T, {0) and det Qt(O) can be checked to be
1

different from zero. Therefore Pt(Z) and Qt(z) are in fact

right coprima.

The converse Tollows cimilarly by cmsiderine the identity

P (2) 2 (2) o (2) 2 (2)

(10.7) 7 ,

(=) s(e) 52/ \ (e

A
i

that follows from Lemma (10.8).

Relation (10.5) follows by considering

1

~
oy

) = 3

Dt(z, z qt(z

and anplyinz Lemma (10.9).

Finally, the equivalence of {a), (a'), and {(a") can be shown

O

as in the scalar case {see Proposition (3.%)).

s, the preclise analogues of certain facts that were seen
to hold in the scalar case, acply to the matrix case az well., We
expect that the results ol Sectlion & extend to the matrix case
also, and that the matrix cissivation polynomial determines the

azymptotic behavior ¢f the mairical ZCHUR paramelters.



CHAPTER VI, APFLIED ASPECTS OF THE COVARTANCE EXTERSTON ~RUBLEM

In this 7inal chanter wa want to discuss the relevance of the
covarlance extension protlem To the anplied area of time-series
modeling, his area involves & large numrer of issues that we shall
not touch upon {e.g., issues of statistical nature, see BOX and
JENKIKS [ 19707, or of the essential difference hetween prediction for
time-zeries and vrediction for stochastic proceszses, see
FJIRSTZUBERS 1 1960]). Instead we shall consider as our point of
departure, the kuowledze of a pariial (sampled) covariance secuence

c_.
5

Zased oz these data, certain schemes have been proposed that
vieid a unicue rational covariance extension “or CS. These schemes
Torr the btase of modern nonlinear methods Tor spectral estimation
(ef., HAYKCH [1979, pages 3¢ and 103]). We begin Section 11 by
congidering the so-called "maximum entropy" (ME) method in the context

of our orevious development,

The M= method proposes the use of a varticular pr-erxiension of
C. that has constant diseipatior polynomial. The constancy of the
Glssipation polynomial makes the construction of a corresponding
stochastic realization trivial (since the problem of spectral fac-
torization is avoided altogetner). Moreover, this construction
turns out to be recursively uvdated as the data set increases. Thics
iatest oroperty iz precisely the recurrence relation satisfield by
the ortheconal polynomials and was establicshed in this context by
LEVINSON [1947]. Recursiveness is very important in practical appli-
cations as it providez an efficient avproximetion procedure. TIn
moint of fact, tThis i the unzerlyins thilosorh: in the ladier

structure coneiructions in modern cdlzital filter desizn.

Yowever, the absence of zercs in the power spectrum ottained
by the ME method in ceriain cases gives rise to undesiratle
phenomena (see HERRING [163C] and the references *herein). Motivaied

vy the need for rmore generazl tole-zero aprnroximating techniques, for
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the covariance fune
and YATLATH [19787, and DEWILD
"197€% and

a more general

alsp RYCEERISE RCE
the proovlem in
theory., However
the basic partial realization
C.» Pole-zero modeling in

rernsins

for recursively updated

+ion of stochasti

SRCEER

thesze invest

"a ponlinear and implicit

realizations of

C processes DEWILDE, VIERA,

E and DYM [19812 and 1931%. (cee

- o
CLERZET

and [1979:) have vlaced

context of Wevanlinna-Pick interpolation
seam to illuminate

igaticas do not

problem where the data is sinply

the context of partial realization setting

orotvlemn, ani there is no possibility

increaszins order” (see

SENVEWISTE and CHAURRT [19E811).

In Section 12 we ghall indicate that this might not be precisely

se. fLertainly, as it appears

esserntial part iz o
dissipation polynomial is in
disgsivation polynromial or,

corresponding power spectrum.

varticnlar Theorem (4.15) sugzess

be uased for that. This is =

we ghould note that

avproximation theories of DEWIIDE

provided such inforrmation is avallable

~aining pr-extensions of CS
cbtaining

equivalently,

£ Do

this infTormation

Trom our results of Chapter IIT, an
with nontrivial
Information avout the

the zerops of the

{Our results of Chapter III, in

7]

that {he parameter sequence might

ot

n

T

that recuires further investiecation.)
ie already assumed in the
. DYM {1981a and 13%1u]1.

we ghall

Fiow,

indicate a way that

this can be incorporated in the rmodeling process in an efficient

way. Theorer (12.L4) wilil

approximately fixel

descrioe a recursive ceounstruction for

el

zero=ztructire.

11. The M:-uetkod and %q@pwgeperal Discussion.

et C. e & vpartial po:zitive {scelar) covariance secuence. The
gsimolest p;ssible cholize For an admissivie extension of the partial
rarameter segquence = isg cer nly the tririal extencion
frs;ﬁ I SR 0 for =1, ,..'. Tais exzensior arounts to choosins
Ps+l(z) = 1 in Theorem { 3,1). The associated pr-extensiocn of C
is simnly



7(z) Ys(z)*
z) ¢ (¥

Tis particular extencsion has a certain unigueness property,

nanely, 1t maximizes

2
v= 1im o (2} %
e, 1= dim o ()45,
i.e., the distance in the ﬁ ﬁ—norm of 1 from the closure of

the manifold spanneld by positive powers of z. It is immediate

from (1.6) that in this case

I e e
:'!C't(z)_:‘ii = :!fq(Z)"-!' )

for all t > s, and hence

e, = in o (221 = lh_(22F.

R
¥e row would like fo explaln the importance of this quantiiy in
the prediction theory of siochastic processes. The inner product {+, -

that was defined in Section 1 relative to a nonnegative sequence
can be extended from the gpace of polynomials in 2z to 2 more general
space of functions on |z| = 1. This is done by realizing this inner

vrozuct via a Stieljes intezral

(a(=), B(=)) = 5 [1 a(2)o(2)a0(6), = = exp g6,

“f_ ’r-:l r - - : -
witn afed), ‘c(eJ ) = LELQT(S;] the Hilbert space of squarely
integratle functions on |z| = 1 o]

with respect to the nmeasure dc(s),
{o{3) veing the spectral disrisution funciion of ¢, ef., Remarx
(3.2)). Let now Fo 1 F Z %ve a (zero-mean, stationary) stochastic
process naving C as covariance sequence. Tet also Lg(y) denote

“he Hiilkerti space generated vy »_ with the inner product definel by



_._J
=

<f’ t:'\ = E Tg,
T, g € LQ(y), and E denoting the expectation operator. Then,
the napplng

NN

JT
extends to an isometry between LQ{dJ(G)] and Lg(y) {ef., GRENANDER
and SZEGD [1358, p. 17%)!). Via this maprping any linear problem in
T.(v) can ve translated into one in L. dc(g}! and coanversely. Let
[ st
now gs(z) be any polynormial in 2z with gS(O} = 1 and degree less

tharn or egugl to s. Clearly, due to the orthogonality properties

(1.2),

N B I C! v [1&

z o= = i Z)| .
.|‘=S( Jon g !(-lz) l!gs( I

8
Tnerefore,
.
il L2 = &
e = lim |t . (z)< " = im inf T [+ - 2 oo
m Tt | t( ) ! e ]é.u o) S
1=us=s:

iz the sjuarz of the variance of the rrediction error of y¥_ at
an ingtant 1 = 0 based on ovzervations in the past 1 < 0., And
this is maximized by the choice Fs+l(z) = 1 over all pr-extensions

of the partial data C.-

The Juantity e is an essential characteristic of & stochastic

process and cescribes the "predictavility" of the process, One can

show that {see GEROWIMUS [1961, p. 1587)

fl
[0
»
e
e
=
E_.J'
=
q
L -
-
I
—
[
Ty
——



The stochastic process is called deterministic iff e = 0, and

nondeterministic otherwise. e 1s also directly relatec to a notion

of entropy rate of a stochastic process in the sense of Shannon

(see HAYXT™ 1979, p. 202) ancd this cgives the name %o the method,

i S |

On the basis of the above it has been argued that the so-obtained
pr-extitenzion of CS is maximally nonconmnmital to the unavailable
data (see Jayi=s [1993]). This is indeed so as far as the prediction
problem iz concerned. However, the prediction should be more of zn
"excuse"™ than a "reason" {see FURSTENBERG [ 1960, p. T1).
Tn point of fact, HALMLT 119%1] arzues thai the
partial seguence of znarameters contalns certainly rore information
than merely the fact that these parameters are all of modulus less
than 1. In KATMAW [1981" it is also suggested that some minimal
Zirerzion pr-extensicn is pernarps the rizhti object to consider,
Unfortunately, the description of the minimal dimension pr-extensions
geens to face intractable difficulties. 1In point of fact, an equi-
valent guesiion was considerei by VOULA and 2aTT0 [19G7. in & eireuit
theoretic context, Currently, this probler is unsolved. In Aprendix
A we shall indicate some computational difficulties that arise in

the simplest nentrivial case.

12, On Fole-Zero Model T

"inFflaential

We begin bv assuming krowledge of a number of
zeraos" in the power spectrum of a stochastic process. This rather
looze term appears to have a rather cefinite meaning in the more
aprlication-oriented literature. See for example MAKHOUL [ 1974,

v, 1157, It is also stated that pole-zers modeling is not simple

and not well-unlerstood. We shall vresent a simple recursive way

to incorporate the "zero" information in the modeling process.

Let . e a pariial rosizive seguence and iz, z
given dissipailion rzelynorial of degres less than or ecusl to «.

ecticen 1 we know that fthere exists an associated

L
H
O
3
o
M
H
[¢r]
o
o

iy
V]
|
€

pr-extension of C_ ol dedree 1ess than or ecuszl to =,



—1

(A

In principal this pr-evtension can be founl as a

preimage of dfz, z-l) under .. Certain technigies have been
recently developed to provide construciive alzorithmie procedures
for obtaining a solution of homotopy-based existence results (see
KELLOG, LI, and YORKE [1976]7, and also MEYZR [1968]). However, this
is very cumberscome and objectionable for almost a1l practical
purposes, Thus, we ghall not pursue it here but instead, we shall

Cevelop an approximate but efTicient solation.

Dur first tool is a new representation for partial realizations
of C_ of dimension less than or equal to s. Let CS be a positive

sequence, and Yt(z), ¢,(z), +=0, 1, ..., s be the orthogonal

oplynorials of Cq -

(12.1}) L=2A. Any rational function CDT(Z)/X(Z), w(z), x{z) £ ¢lz7,

with 7(0) = X{0) = 1 and power seriec expansion tha‘ begins with

(12.2) e, t 2zt ...+ 22

is of the form

s
¥ Jz)x o+ oo+ a2 Yo(z)*

[w]

=1

il Y |
e
l_l

q;S(z}* +ozr ()% o+ Ll stzst(z)*

This result was irdesendently of

ours utilized by KIMJRA 19831
who also argues that i1t provides a cancnical forx for partial realization
of covarianceg. In oar work & precise use of this lemma is given in
Theorem {12.4). We should also mertion that this lermma is really a
Tact avoat partial realizations and hag essentially nothing to do with

i

1
i‘
i
:
£

L}

positivity. Cositivico Iy tre =a&Xe oI zome oiner proverties

i
of this representation that we shall soon Ziscuss.

il

PROOF of Temma (12.1). The polynomials w(z) and X{(z) are

related through



T

c r(z) = [X(z)(co t2c,z 4 ...+ Zez

r

Tmis represents a rounsinzular transformatiion between polnomizalsz of iesree
g=1 .
\f;(Z)*, t = O."
L

volynomials {z
t =0, &, ve., 8] form bases for this

™

for t =0, 1, ..., 8, as it fellows from the definition

of ¥ {z), t=0,1, .... The proof of the lemma is now immediate. O

EN
%]

-

This lewrme places a system of coordinatesz, in tne

| 2

inear :upacze whose

1

points represent vartial realizaiions of (1£.2), so tkat the M2
solution lies at the origin. Another aspecti of this representation

is shown 1in

= T o
(12.7) 1=MMa. Let

—
£

L
it

v * 4 ozY * 4 Sy *
&S(z) “l“$5-l(z) oo tZ &O(z) s

o
i
rof

=
Pt
rl
e
I
A
—
-1
o
a
i
[
1
Hn
o
~
[}
—
¥
-
.
»

b
[
[

L}

Fa
]
_—

*

.

"he polynomial {in =z and =z

oz, =1y = (DY) + (D) (e

nag degree t < = i and only if Gy = e =0 0= O.

PROOF. This follows from the Tact that the degree of

Ha
[}
ol
s
5
w
I_l
[
O
i
]
ot
‘.31
.
w
]
)
e
o
(T
M
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9
=
=
n
in
)
[i1¥]



We now proceed to pur final

{12.L) MEOREM. Let C=f{c, : £t =0C, 1, ...] be *he covariance
—_ L.

secuence of 4 nondefermiristis stochastic process, ant let

be any polynomial with roots in {|z| > 1}, Then for s sufficiently

larze

T(S) 2) Ws(z)* + alzTS_l(z)* + e, 4 auquS u(z)*

r
Il
L)

zgs_l(z}* + L.. + a Zu¢ (z)*

OXS(Z\ DQS(Z}*+a " )
=11

1

is a pr-extension of C_, and if n(s)(z) denotes the statle

spactral factor of the associsted dissipation polynomial, then

TROOF. Let M. {z) bYe asz in Theorem ( 3.1). Then

guE) e L1 P REEEE RN
i 2) 5 ¥ (z)}* + alzwu_l(z)- t e ta ¥ {z)
= M 2}
(s} g-ut s-1u s=1 u 8-

x 7 2) e ()% + alz$u_l(z}* Foael auz“foliz)*
where %o *z), "%z} are the orthosonal polynomials of the

- w
rarameter secuence RV {r cany T L

- u a-+1’ ? Ty

Since (¢ corresponds o a deterxminisiic process it follows
“rom the result of SIROWRIMIS (2962, p. 2597 (see (L.£)) that the
rarameters of (¢ are sguarely surmable, Hence, as g — =, bhoth

?'f—u( 2}% 51
[}

and



for + =0, 1, ..., u. Consecuently, as s — «

S=1 .
u (Z) M al

5=
u ¢

5=-1 §=u
2y (2)* + et auzuTD (z)x*

=11
&

A x
Z) % + 2128 1

(2)% + vuu =+ z“-:g'“(z)*

a
u
terds to 1 wuniformly on [z[ <1, and the associated dissipation
nolynomial tends to q(z}ﬁ(z-l). Applying now Theorem (3.1), the

proof 1s complete, C



APPENIIX, THE MIWNIMAL DIMEWEION PROSLEM

Here we shall consider the foZlowlng problex: Given a par:tial
covariance sejuence CS find {eimple) necessary and sufiicient con-
ditions orn CS soc that it admiis a pr-extension ol dimension strictly
less than 5.

first one in atitemnting to obial

This questicn is ceriainly the
an explicit angwer to the minimel dirersion pro
and YOULA and SAITO [19571. We shall ciscuss the first two simple
cases: & = &, and s = 3. The cace £ = 2 is trivial as it requirecs

conditions for the positivity of a degree 1 npolynomial in 2z and

z '« The case s = 2, that reguires conditions for the positivity
of a degree 2 volynomial in z and z y  nrezents already
difficulties due to the implicit nature of the conditions that seenm
to be pes=sible to aprroach only with the technigues of decision
methods (see JACOBSON ['g7k, W ). Althourh this appears to be
cuite elementary, it should be noted that conditions for the

first case only is what exists in the current literature (see

¥ATMAY {19717, and also KRTSHRAFRASAD [1980) in an eguivalent settinsz).

We begin by consizering the case = = 2, Unless ¢y = G, the

minimal dimension vartial realizetion of

1+ 2¢.z + 2¢,.2°
1 P

iz of dimension 1 and ziven hy

w{z) 1+ {a+ e,z

x(z) © 1+ (a-c,)z
where ¢, = Cl(cl - ) (Zere an? ir the secuel we use the rerresen-
Sation introduced in Temma (1£.1).) Appivins Troveosizion {7.2) it is

straightforward to check that 7m(z)/%(z) is in { 1% and only if

[S9]
@]
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We now consider the case s = 3. In case ¢, = ¢, = 0O and 05 # 0,
then the minimal pr-extension is of dimension 3, In case 05 = clcg,
then the minizal pr-extension is eilther of dizenszion 1 or % derpending
or whether the mirimal partial realization which 1s of dimension
1l is in ¢ or not. In the generic case we consider a general
rational function w(z)/x(z) with w{z), X{z) polynomials of degree
2, with =7(0) = x(0) = 1 and gower series that begin with

1 + 2012 + Fe. 7 4+ 2o z7.

2 3

We shall restrict our atitenticon to the case where all the scalars

take real values, anc use in the various expressions the associated

o 5 1 Snstead of | . 2
parazeters [(r_, Ty Tzl instead of {c,, ¢, c3]. the function
m{z}/{z) is o the form

¥, (2)* + azy, (2)* + BZE\PD(Z)*

2

Lt

x, \] ¥ o4 + I
»2(7 erl(z)* Rz ,O(z)*
where O and A zatisfy
2 2 =
- 1 - 3 + 7y - =
(4.2) (1 rl)(ﬁ o) Ts (1 rl)r2 + pry = O,

Ime conditions
7(z) + ®%(z) £ 0 forall z in jz| <1,

and

- - I
z)%{ z l) + 7z T(z) >0 forall z on |z = 1,

4
give rise to the folrlowine:

(.3} al+r) < p+ (2 +r01-1)

(&) - a(l - rl) < g+ (1 - rl)(l - r2}



(A.5) =l +r) <+ (1+r)Q 41y
(2.6) afl-r) <B+ (1 -r)(+ rE)
(A.7) B<1

and either

(4.8) 4 < ol - x2) + 08+ pryv,]
or
2 = 222 2
(4.9) (1~ ri - E)d + B ror, * QQBrlrg(l i B) -

~upigf - ze (1 -1 - 1] <o

In general,neither of the above conditions is redundant. In the

(at, B)-space, these condisions cut out a set that corresponds to

pr-extensions of C2 of dimension 2. This set ig illustrated below

as a shaded area Ior the two syvical cases,




Whether C5 admits a pr-extension of dimension 2 depends on
whether the line £ given by (A.2) intersects the shaded region.
Tue to {A.9) which is implicit in « and B and is of degree k,
these conditionsz when expressed in terms of the original parameters
of the problem, e.g. T Yoo and r5, are also implicit and
extremaly invoived.
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