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The early (miracle) years

A new approach...
20,000+ citations

Kalman, Kalman filtering
~ 1,000,000 citations

A New Approach to Linear
and Prediction Problems”
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The early (miracle) years

When Is a Linear Control System nptllall

|
|
RE Tie purgese ./ 2 i
‘ [, ....,,,"_“}::: o B i, ity e s i
1. Background | b Rt
|
“Bystem theory?
methods held to
complex systems
combinatorial au
with praliema il
predict
These |
Rece
lems in
& unify
system
"h"u:;‘ Tt in irney il mbiptive uelnge sy A e
con {
: probl e abieh b e bt o v iadt
a“:n,'fh,! minil m-'-‘nlmv u-u.a.—c g "
RYSe, e A]@ebrmc Tht:ory of Linear Systems*

1943 ([1], [2]).
formulated rig 1. INTRODUCTION

:aﬂt:"c:mm‘ ks in system theory Mmml:lm mmd:
mﬁmm the difficult problem solving
Tho paohiey mmmhmmmmmymmx
factoring polynomials &nd - partial fractions.

u]

)
I
il

it




The

early (miracle) years

LYAPUNOY PUNCIIONS FOR THE PROBLEN OF LUR'E IN
AUTOMATIC CONTROIL

BYR E Janwan
IR AR 1 UK IR AWYANEEG STCNT (AR, IAZTRZONE, MD.
Camnioniat by § Lajakaz, Diesnter 18, 1062
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The early (miracle) years

e s o A =
least Squares Soitionary Opeimul Control and the
Algebraic Riccad Equarion
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very h?{ummpl of enfanlis of variazians, ita revival m
intraduction in santrol thoory may kefely be coedised to
L
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Bleny of the resala of this paper o inspired by zome of
the resalts ontained by Bruckeel, Hiz work bas sp-
peored in vasicue plaes io the Jikedure sod wesy be
fourd in sumemssizsad fosm it macens Wi [3). Othar
popers which mase ample contaet wish the Tesuits pre-
sented here e some of she lawe papers by Kalmon
), (4], the important paper by Papov (8], and the
work of Anderson (see. for example, Andersoo (7] wd
Andemear: oed Manre [3]).

problems introdueed b the

Aty relatioss aod frequsey domain inequaisies.

Those that are impoctast for our prarpoere are

an follows. We will be interested In the case K = K°.
The Lincar Walriz Inequatity (LN):

K+ EA+Q ll%—t‘]2°

The analytiol trestment of the las of optimisation
proonding

FK4C

) The Quastratic Motric Inegwality (QM1):
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) Fhe Algpbroie Ricooni Eywotion (ARE):

AE 4 K& - (KB4 CIRYBELC+Q=0

4) The Froquancy-Dowwis Inegwabity (FDI):
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how the ceher relsticas enter into the theary, We hape
that their rode will be elusitied in this paper.



1972 report

The seventies: realization with positivity

GRMSIRISSESNS o

Problem:

characterize minimal system

realizations that are also passive
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Partial realization with positivity

Realization of covariance sequences:
Suppose €p, €1, - - . 5 Cp are the autocorrelation lags of a stationary
(zero-mean) discrete time stochastic process, i.e.,

ce = EH{y(k)y(k +£)}.

Characterize possible extensions €p4+1, €42, . - . such that

i) the series
1 1 2 n n+1
F(z):=§c0+clz + 0z +...+chpz" + cpt1z +...
converges in |z| < 1 and positive real part (positive-real function)

ii) F(z) defines a rational function of minimal degree.



Partial realization with positivity

Realization of circuits from transfer function data:
suppose wp, Wi, ..., W, denote the values that the transfer
function F(z) takes at points zp, z1,...,2p in {z | |z| < 1}.
Characterize all rational functions F(z), analytic with positive real
part in |z| < 1, such that
)

F(z) := w; foralli € {0,1,...,n}.

ii) F(z) is rational function and of minimal degree.



Partial realization with positivity

Necessary & sufficient condition (existence of solutions):

ReF(S) >0

where S is the “compressed shift”, i.e., multiplication by z!
restricted on Hy © B(z)H,

B(z) = z", or N7, lz__zzzii

translates to:
a Toeplitz (Pick) matrix being positive semi-definite (respectively)

Will be assumed throughout




Partial realization with positivity

— Analytic interpolation with a degree constraint

Kalman argues that the complexity of the answer
from an engineering standpoint may not be the same
as that sought by physicists, information theorists, etc.

— Applications:

stochastic identification (Faurre, ...)
inverse problems (recently, Baratchart, ...)
circuit synthesis



Partial realization with positivity

- how does minimality square with uniqueness?




The eighties - pressing on
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Caratheodory & Nevanlinna-Pick Interpolation

— Early insights/classical

Parametrization of all solutions via an LFT
(Linear Fractional Transformation) Q: positive real

_A+BQ

F(Z) = LFTdata(Q) i.e., = m



Caratheodory & Nevanlinna-Pick Interpolation

— Early insights/classical

Parametrization of all solutions via an LFT
(Linear Fractional Transformation) Q: positive real

_ A+ BQ

F(Z) = LFTdata(Q) 1.e., = m

ReF(e/?) ~ ReQ(e'?)



Caratheodory & Nevanlinna-Pick Interpolation

— Classical/early insights

Parametrization of all solutions via an LFT
(Linear Fractional Transformation) Q: positive real

_ A+ BQ

F(Z) = LFTdata(Q) l.e., = m

ReF(e/%) ~ ReQ(e'%)

also,
F rational < Q rational

Georgiou-Khargonekar 1981



Caratheodory & Nevanlinna-Pick Interpolation

— Classical/early insights

Parametrization of all solutions via an LFT
(Linear Fractional Transformation) Q: positive real

: A+ BQ
F(Z) = LFTdata(Q) 1.e., = m

However,
|n — degQ| < degF < n+ degQ

How to choose Q7
Algebraic characterization unkown?



Analytic Interpolation with degree constraint

— Topological constraints (Georgiou 1983, 1987)
Degree n solutions via Homotopy methods

For any polynomial i of degree < n,
there exists F of degree n, i.e., F = m/x,
7, x polynomials of degree < n, such that

D
X@PE e

is positive real and satisfies n + 1 interpolation constraints

ReF(z) =

1 : “spectral numerator”
moving average part of an f.d. stochastic realization



Analytic Interpolation with degree constraint

— Generic cases (Georgiou 1983):

Both data sets:

{c/s or w/s | minimal realization has degree = n}
as well as the opposite,

{c/s or w/s | minimal realization has degree < n}

have open interiors (generic).

= Kalman'’s problem has a non-trivial set of solutions



1990’s & 2000’s - state of the problem

Via optimization & other methods:

Complete parametrization
{solutions of degree < n} <> {n | stable of degree < n}

Byrnes-Lindquist-Gusev-Matveev 1995 (uniqueness)
Byrnes-Landau-Lindquist 1997
Burnes-Gusev-Lindquist 1998 (KL-optimization)
Georgiou 1999

Byrnes-Georgiou-Lindquist 2001, 2003,. ..
Byrnes-Georgiou-Lindquist-Megretski 2006
Takyar-Georgiou 2007 (matrix-valued)



1990’s & 2000’s - state of the problem

Byrnes-Georgiou-Lindquist-Megretski (Trans. AMS, 2004)
Generalized interpolation in H® with a complexity constraint

K := H, © B(z)H; with B arbitrary inner (i.e., B is “all-pass”)
T bounded operator on K, commutes with S

Re(T) > 0 (necessary condition)

3 solutions F = w/x with w,x € K, ie., F(S§) =T

Further F is the unique maximizer of

F l—>/|n|2|og(ReF)



state of the problem

— Complete parametrization of degree < n solutions

Smooth parametrization <> stable spectral numerator
Multivariable interpolation (F matrix-valued)
Applications (spectral analysis, inverse problems)

Kalman'’s problem (< n?) remains open:
algebraic characterization of minimal degree
positive-real interpolants

when is the minimal degree < n?
what is the minimal degree?
are there suitable algebraic invariants?



A tribute to Professor Rudolf E. Kalman

Gainesville, June 12, 2016



